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Abstract. Motivated by applications to probability and mathematical finance, we consider 
a parabolic partial differential equation on a half-space whose coefficients are suitably Holder 
continuous and allowed to grow linearly in the spatial variable and which become degenerate along 
the boundary of the half-space. We establish existence and uniqueness of solutions in weighted 
Holder spaces which incorporate both the degeneracy at the boundary and the unboundedness 
of the coefficients. In our companion article Q2] , we apply the main result of this article to show 
that the martingale problem associated with a degenerate-elliptic partial differential operator is 
well-posed in the sense of Stroock and Varadhan. 
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1. Introduction 

Motivated by applications to probability theory and mathematical finance [2J [61 [2"0j 132] , we 
use a Schauder approach to prove existence, uniqueness, and regularity of solutions to a degener- 
ate-parabolic partial differential equation with unbounded, locally Holder-continuous coefficients, 
(a, b, c) with a = (ajj) and b = (bi), generalizing both the Heston equation [2 1J and the lineariza- 
tion of the porous medium equation [31 HI [22] , 

\Lu = f on Mr, , x 
U(0, •) = 5 on H, 

where H := M^ 1 x (0,oo) (with d > 2) denotes the half-space {x d > 0}, and M r := (0,T) x H is 
the open half-cylinder with < T < oo, and 

d d 

-Lu = -u t + ^2 x d aijU XiXj + ^2 biU Xi + cu, Vu G C 1,2 (IH[ r ). (1.2) 
i,j=l i=l 

The operator L becomes degenerate along the boundary cffl = {x^ = 0} of the half-space but 
in addition, unlike the linearization of the porous medium equation considered in 0131 [22], the 
coefficients of (jl.2p are also permitted to grow linearly with x as x — > oo and, even when the 
coefficients bi are constant, we do not require that bi = when i = 1, . . . ,d — 1. 

In a companion articlqj [13j . we apply the main result of the present article (Theorem ll.ip 
to prove that the martingale problem associated with the degenerate-elliptic partial differential 
operator acting on v G C 2 (1H), 

^ d d 

£/ t v(x) := - ^2 x d aij(t,x)v XiXj (x) + y^bj(t, x)v Xi (x), (t,x) G [0,oo) x M, (1.3) 

i,j=l i=l 

is well-posed in the sense of Stroock and Varadhan [36]. In [13], we then prove existence, unique- 
ness, and the strong Markov property for weak solutions to the associated stochastic differential 
equation with degenerate diffusion coefficient and unbounded diffusion and drift coefficients with 
suitable Holder continuity properties. Finally, in [13], given an Ito process with degenerate dif- 
fusion coefficient and unbounded but appropriately regular diffusion and drift coefficients, we 
prove existence of a strong Markov process, unique in the sense of probability law, whose one- 
dimensional marginal probability distributions match those of the given Ito process. 

1.1. Summary of main results. We describe our results outlined in the preamble to We 
shall seek a solution, u, to (jl.ip in a certain weighted Holder space c top +a (M.t) ■, given a source 
function, /, in a weighted Holder space ^"(Hy) and initial data, g, in a weighted Holder space 
c top +a {M). These weighted Holder spaces generalize both the standard Holder spaces as defined, 
for example, in [241 EH] and the Holder spaces defined with the cycloidal metric and introduced, 
independently, by Daskalopoulos and Hamilton [3] and Koch [22] . We defer a detailed description 
of these Holder spaces to §2.11 However, the essential features of our Holder spaces are that (i) 
near the boundary, Xd = 0, of the half-space cylinder Mt, our Holder spaces are equivalent to 
those of Daskalopoulos, Hamilton, and Koch and account for the degeneracy of the operator L, 
(ii) polynomial weights in the definition of our Holder spaces allow for coefficients (x^a, b, c) in 
(jl.2p with up to linear growth near x = oo in the half-space cylinder Hy, and (hi) on compact 
subsets of the half-space cylinder Hy, our Holder spaces are equivalent to standard Holder spaces. 



Our longer previous manuscript [TT] combined [13] with the present article. 
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We defer a detailed description of the conditions on the coefficients (a, b, c) defining L in (|f ,2p 
to §2.21 — see Assumption 12.21 on the properties of the coefficients of the parabolic differential 
operator. However, the essential features of the conditions on (a, b, c) in Assumption 12.21 are that 
(i) the matrix a = (a^) is uniformly elliptic, so the degeneracy in (II. 2p is captured by the common 



with respect to x G EI as x — > oo, (iii) the coefficients (a, b, c) are locally Holder continuous on 
Mx with exponent a G (0, f ), (iv) the coefficient c is bounded above on by a constant, and (v) 
the coefficient bj is positive when x^ = 0. We can now state our first main result. 

Theorem 1.1 (Existence and uniqueness of solutions to a degenerate-parabolic partial differential 
equation with unbounded coefficients). Assume that the coefficients (a,b,c) in (|1.2p obey the 
conditions in Assumption \2.2\ . Then there is a positive constant p, depending only on the Holder 
exponent a G (0,1), such that for any T > 0, / G "^(Hy) and g G ^p +Q (EI), there exists a 
unique solution u G c to 2+a (M-t) t° (PUD - Moreover, u satisfies the a priori estimate 



where C is a positive constant, depending only on K , v , 5, d, a and T. 

One of the difficulties in establishing Theorem 11.11 is that the coefficient, Xdd(t,x), becomes 
degenerate when x^ = and is allowed to have linear growth in x, instead of being uniformly 
elliptic and bounded as in [251 Hypothesis 2.1]. To address the degeneracy of x^a(t, x) as x& i 0, 
we build on the results on [3l Theorem 1. 1.1] by employing a localization procedure. To address 
the linear growth of the coefficients (xda,b,c) of the parabolic operator L in (II. 2j) . we augment 
previous definitions of weighted Holder spaces [31 [22], by introducing a weight (l + |x|) p , where p is 
a positive constant depending only on the Holder exponent a G (0, 1). The proof of existence does 
not follow by standard methods, for example, the method of continuity, because L : ^ ^"(Hy) — > 
^p(M.t) is not a well-defined operator. In general, the domain of definition of L is a subspace of 
^ 2+Q (]H'r) which depends on the nature of the coefficients of L, a feature which is not encountered 
in the case of parabolic operators with bounded coefficients . To circumvent this difficulty, we 
first consider the case of similar degenerate operators with bounded coefficients and then use an 
approximation procedure to obtain our solution. To obtain convergence of sequences to a solution 
of our parabolic differential equation (jl.ip . we prove a priori estimates in the weighted Holder 
spaces and < T p 2+a . 

The conditions in Assumption 12. 21 on the coefficients (a, b, c) in (jl.2p are mild enough that they 
allow for many examples of interest in mathematical finance. 

Example 1.2 (Parabolic Heston partial differential equation). The conditions in Assumption 
12.21 are obeyed by the coefficients of the parabolic Heston partial differential operator, 

- Lu= -u t + | (u xx + 2gau xy + o- 2 u yy ) + (r - q- y/2)u x + k(9 - y)u y - ru, (1.5) 

where q > 0, r > 0, K > 0, 9 > 0, a > 0, and g G (—1,1) are constants. 

Naturally, the conditions in Assumption 12.21 on the coefficients (a, b, c) in (|1.2|) also allow for 
the linearization of the generalized porous medium equation. 

Example 1.3 (Linearization of the porous medium equation). In their landmark article, Daskalopou- 
los and Hamilton [3] proved existence and uniqueness of C°° solutions, u, to the Cauchy problem 




:) have at most linear growth 




(1.4) 



1 



P. FEEHAN AND C. POP 



for the porous medium equation [5] p. 899] (when d = 2), 

d 



-u t + ^(u™)^ = on (0, T) x R d , u(-, 0) = g on R d , 



(1.6) 



i=l 



where m > 1 and g £ L 1 (]R <J ) with g > compactly supported on M d , together with C°°-regularity 
of its free boundary, d{u > 0}. Their analysis is based on an extensive development of existence, 
uniqueness, and regularity results for the linearization of the porous medium equation near the 
free boundary and, in particular, their model linear degenerate operator J5] p. 901] (generalized 
from d = 2 in their article), 



where v is a positive constant. The same model linear degenerate operator (for d > 2), was 
studied independently by Koch [221 Equation (4.43)] and, in a remarkable Habilitation thesis, 
he obtained existence, uniqueness, and regularity results for solutions to (jl.6j) which complement 
those of Daskalopoulos and Hamilton [3j. Even when the coefficients in (|1.2h are constant, our 
operator cannot be transformed by simple coordinate changes to one of the form (II. 7ft . but rather 
one of the form (IA.7h . Similarly, the operator (11.5P cannot be transformed by simple coordinate 
changes to one of the form (11.7h . even when the factor y in the coefficients of u x and u y in (11.5P 
is (artificially) replaced by zero. 

1.2. Connections with previous research on degenerate partial differential equations. 

We provide a brief survey of some related research by other authors on Schauder a priori esti- 
mates and regularity theory for solutions to degenerate-elliptic and degenerate-parabolic partial 
differential equations most closely related to the results described in our article. 

The principal feature which distinguishes the Cauchy problem (jl.ip . when the operator L is 
given by fjl .2[) . from the linear, second-order, strictly parabolic operators in [26], [281 123] and their 
initial-boundary value problems, is the degeneracy of L due to the factor, xj, in the coefficients of 
u XiXj and, because the coefficient bd of u Xd in (jl.2p is positive, the fact that boundary conditions 
may be omitted along x^ = when we seek solutions, u, with sufficient regularity up to x^ = 0. 

The literature on degenerate elliptic and parabolic partial differential equations is vast, with 
the well-known articles of Fabes, Kenig, and Serapioni [3|9], Fichera |15[I16[. Kohn and Nirenberg 
[23], Murthy and Stampacchia |29[ I30j and the monographs of Levendorskh [27] and Oleinik and 
Radkevic [31] [33] [53], being merely the tip of the iceberg. 

As far as the authors can tell, however, there has been relatively little prior work on a priori 
Schauder estimates and higher-order Holder regularity of solutions up to the portion of the domain 
boundary where the operator becomes degenerate. In this context, the work of Daskalopoulos, 
Hamilton, and Rhee [5J[3][55] and of Koch stands out in recent years because of their introduction 
of the cycloidal metric on the upper-half space, weighted Holder norms, and weighted Sobolev 
norms which provide the key ingredients required to unlock the existence, uniqueness, and higher- 
order regularity theory for solutions to the porous medium equation (|1.6j) and the degenerate- 
parabolic model equation (11. 7p on the upper half-space given by the linearization of the porous 
medium equation in suitable coordinates. 

While the Daskalopoulos-Hamilton Schauder theory for degenerate-parabolic operators has 
been adopted so far by relatively few other researchers, it has also been employed by De Simone, 
Giacomelli, Kniipfer, and Otto in [5] I18[ [17] and by Epstein and Mazzeo in [7J. 



d 




(1.7) 



t=i 
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1.3. Extensions and future work. Motivated by the results obtained in our related "degenerate- 
elliptic" article |14j . it is natural to consider higher-order, interior and boundary regularity and 
a priori Schauder estimates for solutions u G Cs ,2+a (Q) n C(Q) to an initial-boundary value 
problem generalization, 

Lu = f on Q, ^ 
u = g on SiQ, 

of the Cauchy problem (|1.1|) for the operator L in (|1.2|) . Here, the cylinder (0,T) x H has 
been replaced by a subdomain Q C (0, T) x H with non-empty "degenerate boundary" portion 
c\)<2 : = hit(((0, T) x cffl) n dQ) of the parabolic boundary, 

:= (({0} x H) n Q) U (((0,T) x M) n dQ) , 

and SiQ := BQ\doQ denotes the "non-degenerate boundary" portion of the parabolic boundary, 
while Q:=QU d Q- 

For reasons we summarize in [12\ §1.3], the development of global Schauder a priori estimates, 
regularity, and existence theory for solutions u G C^' 2+a (Q) to (|1.8p appears very difficult when 
the intersection, <5$Q n SiQ, of the "degenerate and non-degenerate boundary" portions is non- 
empty. In fact, even the development of an existence theory for solutions u to (|1.8p just belonging 
to Cg +a (Q) n C(Q) is already a challenging problem which is not addressed in [3j SI - 

While our a priori Schauder estimates rely on the specific form of the degeneracy factor, xj, of 
the operator L in (|1 .2j) on a subdomain of the half-space, we obtained weak and strong maximum 
principles for a much broader class of degenerate-elliptic operators in [ID]. Thus, for degenerate- 
parabolic operators such as 

d d 

-Lv = -v t + -d aijV XiXj + biV Xi +cv on Q, u G C°°(Q), 
tj=l i=l 

where i? G Cioc(^) an< ^ ^ > on a subdomain Q C (0,T) x R rf with non-empty "degenerate 
boundary" portion <5qQ := int({(t,x) G dQ : = 0}) of the parabolic boundary, 

gg : = (^({o} x M d ) ngju (((0, T) x M d ) n dQ) , 

we plan to develop a priori Schauder estimates, regularity, and existence theory in a subsequent 
article. 

1.4. Outline of the article. In ^2] we define the Holder spaces required to prove Theorem 11.11 
(existence and uniqueness of solutions to a degenerate-parabolic partial differential equation on 
a half-space with unbounded coefficients) and provide a detailed description of the conditions 
required of the coefficients (a, b, c) in the statement of Theorem ll.lt which we then proceed to 
prove in $3] Appendices |A] and [B] contain proofs for several results which are slightly more 
technical than those in the body of the article. 

1.5. Notation and conventions. We adopt the convention that a condition labeled as an As- 
sumption is considered to be universal and in effect throughout this article and so not referenced 
explicitly in theorem and similar statements; a condition labeled as a Hypothesis is only considered 
to be in effect when explicitly referenced. 

1.6. Acknowledgments. We are very grateful to everyone who has provided us with comments 
on a previous version of this article or related conference or seminar presentations. 
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2. Weighted Holder spaces and coefficients of the differential operators 

In Q2.1\ we introduce the Holder spaces required for the statement and proof of Theorem 11,11 
while in H2.21 we describe the regularity and growth conditions required of the coefficients (a, b, c) 
in Theorem ll.il 



2.1. Weighted Holder spaces. For a > 0, we denote 

M aiT := (0,T) x M^ 1 x (0,a), 

and, when T = oo, we denote = (0,oo) x EI and M aiOQ = (0, oo) x M^" 1 x (0,a). We denote 
the usual closures these half-spaces and cylinders by H := R d_1 x [0,oo), H T := [0,T] x H, while 
H a ,T := [0, T] xM rf_1 x [0, a]. We write points in HI as x := (a/, x^), where x' := (xi, x 2 , • • • , Xd-\) £ 
R d_1 . For x° e H and i? > 0, we let 

P^x ) := {x G H : \x - x°\ < R) , 
Qr,t(x°) :=(0,T) xB R (x°), 

and denote their usual closures by Br(x°) := {x £ M : \x — x°\ < R} and Qr.t( x °) '■= [0, T] x 
Br(x°), respectively. We write Br or Q_r,t when the center, x°, is clear from the context or 
unimportant. 

A parabolic partial differential equation with a degeneracy similar to that considered in this 
article arises in the study of the porous medium equation [3l HJ [22]. The existence, uniqueness, 
and regularity theory for such equations is facilitated by the use of Holder spaces defined by 
the cycloidal metric on M introduced by Daskalopoulos and Hamilton [3] and, independently, by 
Koch [22]. See [3l p. 901] for a discussion of this metric. Following [3l p. 901], we define the 
cycloidal distance between two points, Pi = (t±,x ),P2 = {t2,x 2 ) S [0, oo) x H, by 

s(Pi,P2) := -= ^r l|X |"^' = + VW^hl (2.1) 

Following [2U p. 117], we define the usual Euclidean distance between points Pi, P2 G [0, 00) x M. d 
by 

d 

p(Pi, P 2 ) := \ x l ~ x i\ + V\h-t 2 \. (2.2) 

i=l 

Remark 2.1 (Equivalence of the cycloidal and Euclidean distance functions on suitable subsets of 
[0,oo) x H). The cycloidal and Euclidean distance functions, s and p, are equivalent on sets of 
the form [0,oo) x M. d ~ l x [yo,yi], for any < yo < y±. 

Let C (0,T) x H be an open set and a £ (0, 1). We denote by C(f2) the space of bounded, 
continuous functions on £l, and by C^°(fl) the space of smooth functions with compact support 
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in 0. For a function u : Vl — > R, we consider the following norms and seminomas 

IMIcrn) = SU P K P )I> ( 2 - 3 ) 
Pen 

r i |n(Pi)-n(P 2 )| 

Mo-(n)= su p WPi fi) » (2-4) 

r i |n(Pi)-n(P 2 )| 

Mc£(fi) = SU P „N • ( 2 - 5 ) 



Pi^P 2 



p a (P 1 ,P 2 ) 



We say that u G C?(Q) if « € C(n) and 

ll n llcf(n) = ll u llc(fi) + Nc» (n) < 00 • 
Analogously, we define the Holder space Cp(fl) of functions u which satisfy 

IMIc«(n) = ll n llc*(n) + Mc£(f2) < 00 • 

We say that u G C 2+Q (f}) if 

ll n llc 2+Q (n) := IMIc«(fi) + IWIc«(fi) + max llu^llc-a^) + ^ax^ \\x d u XiXj \\ c * ( q) < oo, 

and u G C 2+Q (ft) if 

IMIc 2+0! (n) = IMIc«(n) + IKIIc«(fi) + g^ d \\ u xi\\c°;(fl) + 1 ^^ d ll tt ^llc«(n) < 00 ■ 

We denote by C" loc (fj) the space of functions u with the property that for any compact set 
K C Q, we have u G C s Q (iT). Analogously, we define the spaces ^ loc (0) and Cjj£(n). 

We prove existence, uniqueness and regularity of solutions for a parabolic operator (|1.2|) whose 
second order coefficients are degenerate on <9H. For this purpose, we will make use of the following 
Holder spaces 



tf a (U T ) :={u:ue C s a (Mi ir ) n C«{U T \ M ljT )} , 

tf 2+a (W T ) := {u : u G C 2+a (Hi iT ) n C 2+a (H T \ Hi jT )} . 

We define ^"(H) and < i^' 2+a (lHI) in the analogous manner. 

The coefficient functions x<ia,ij(t,x), bi(t,x) and c(t, x) of the parabolic operator (|1.2|) are 
allowed to have linear growth in To account for the unboundedness of the coefficients, we 
augment our definition of Holder spaces by introducing weights of the form (1 + \x\) q , where q > 
will be suitably chosen in the sequel. For q > 0, we define 

IMI^H) := su p( 1 + ND'K 35 )!" (2 6) 



and, given T > 0, we define 



Mltfopr) := SU P_ (l + \x\) q \u(t,x)\. (2.7) 

9 (t,x)GH T 



Moreover, given a G (0, 1), we define 



IMI^(H T ) : ~ IMI c (fO(H T ) + K 1 + M) u ]cj> (Hi jT ) + K 1 + M) u ]<7<*(H T \H liT )' ( 2 ^ 
MI#, 2+Q! (H T ) := ll U H c (f 9 Q (H T ) + ll U *ll^«(Il T ) + H^J^Pt) + ^dUxiXjW^a^y (2.£ 
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The vector spaces 

^°(H T ) := [u G C(W T ) : ||«||^ (Ht) < 00} , 
% a (W T ) := [u G <r*(H T ) : |M|^ (Bt) < 00} , 
% 2+a (H T ) := [u G ^ 2 + Q (H T ) : ||u||^ +Q(Ht) < 00} , 

can be shown to be Banach spaces with respect to the norms (|2.7p . (|2.8[) and (|2.9p . respectively. 
We define the vector spaces ^(H), ^^(H), and ^ 2+Q (E[) similarly, and each can be shown to be 
a Banach space when equipped with the corresponding norm. 

We let ^£(Ht) denote the vector space of functions u such that for any compact set K C Hy, 
we have it G ^g^{K), for all g > 0. 

When q = 0, the subscript g is omitted in the preceding definitions. 

2.2. Coefficients of the differential operators. Unless other conditions are explicitly substi- 
tuted, we require in this article that the coefficients (a, b, c) of the parabolic differential operator 
L in (|1.2p satisfy the conditions in the following 



Assumption 2.2 (Properties of the coefficients of the parabolic differential operator). There are 
constants <5 > 0, K > 0, z^>0 and a G (0, 1) such that the following hold. 

(1) The coefficients c and bd obey 

c(t,x)<K, V(t,x) G Moo, (2.10) 

b d (t, x', 0) > v, V (t, x') G [0, 00) x ]R d_1 . (2.11) 

(2) On H^oo (that is, near Xd = 0), we require that 

d 

aij^x^rij > %| 2 , \/ V G R d , W(t,x) G M 2 ,oo, (2.12) 



max 

i<i,j<d" l<i<d 
and, for all Pi, P 2 G H 2j00 such that Pi / P 2 and s(Pi, P 2 ) < 1, 



max KM ~ °a[P2)\ < ^ 

max < if (2.14) 

i<i<d s a (P u P 2 ) ~ K 1 

|c(P0 - c(P 2 )| <K 



s a (Pi,P 2 ) 

(3) On Hoc \ H 2i00 (that is, farther away from Xd = 0), we require that 

d 

x daij (t,x)viVj > %| 2 , V7?GM d , V(t,x)GlL\H2, Q o, (2.15) 
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and, for all P 1 ,P 2 £M 00 \ H 2 ,oo such that P 1 / P 2 and p(P lt P 2 ) < 1, 

max I^X(A)-^(P 2 )| < 

max < K, (2.16) 

l<i<d P a (Pl,P2) 
|c(Pi) - c(P 2 



p a (A,P 



< if. 



2 ) 



Remark 2.3 (Local Holder conditions on the coefficients). The local Holder conditions (|2.14p and 
(I2.16P are similar to those in |25l Hypothesis 2.1]. 

Remark 2.4 (Linear growth of the coefficients of the parabolic differential operator). Conditions 
(|2.13[) and (|2.16p imply that the coefficients x d aij(t, x), bi(t, x) and c(t, x) can have at most linear 
growth in x. In particular, we may choose the constant K large enough such that 

d d 

^2\x daij (t,x)\ + ^2\bi(t,x)\ + \c(t,x)\ < K(l + \x\), Sf(t,x)eW 00 . (2.17) 

i,j=l i=l 

3. Existence, uniqueness and regularity of the inhomogeneous initial value 

PROBLEM 

In this section, we prove Theorem 11.11 We begin by reviewing the boundary properties and 
establishing the interpolation inequalities (Lemma 13. 2p suitable of functions in C| +a (IHtr). Then, 
we prove two versions of the maximum principle (Proposition I3.7[) which combined with the a 
priori local Holder estimates at the boundary (Theorem l3.8|) and in the interior (Proposition 13. 14"]) 
allow us to obtain Theorem 1 1.11 

3.1. Boundary properties of functions in Daskalopoulos-Hamilton-Koch Holder spaces. 

The following result was proved as (3] Proposition 1.12.1] when d = 2 and the proof when d > 2 
follows by a similar argument; we include a proof for the cases omitted in [3] Proposition 1.12.1]. 

Lemma 3.1 (Boundary properties of functions in Daskalopoulos-Hamilton-Koch Holder spaces). 
P Proposition 1.12.1] Let u G C S 2 | "(S T ). Then, for all P G [0,T] x dU, 

_ lim x d u XiXj (P) = 0, = 1, ... ,d. (3.1) 

Proof First, we consider the case 1 < i,j < d — 1. Because the seminorm [xdU XiXj ] ca is 

finite, the function x d u XiX . is uniformly continuous on compact subsets of Ely, and so, the limit 
in (|3.ip exists. We assume, to obtain a contradiction, that 

_ lim x d u XiXj {P) = a / 0, (3.2) 

H T 3P->P 

and we can further assume, without loss of generality, that this limit is positive. Then, there is 
a constant, e > 0, such that for all P = (t, x', x d ) G Mt satisfying 

< Xd < e, \t-i\ <e, \x - x\ < e, (3.3) 

we have 

a . 

< u XiXj {t,x ,x d ). (3.4) 
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Let P\ = {t,x l ) and P 2 = (t,x 2 ) be points satisfying (|3.3p and such that all except the Xj- 
coordinates are identical. Then, by integrating (|3.4p with respect to Xj, we obtain 

t 1 1 \ 

2x d 

and thus, 



<u x .(P 2 )-u x .(P 1 ), 



a(x 2 -xj) ^ u X] (P 2 ) - u Xj (I\) _ (35) 



2x dS «(Pi,P 2 ) " s«(P 1 ,P 2 ) 
We can choose Pi, P2 such that x\ — x\ = e/2, for all < x^ < e/2. Then, by taking limit 
as x^ goes to zero, the left hand side of (|3.5p diverges, while the right hand side is finite since 
Kj]c s a (ir) i s bounded. This contradicts (|3.2|) and so (|3.ip holds. 

The case where i = d or j = d can be treated as in the proof of [31 Proposition 1.12.1]. □ 

Next, we establish the analogue of [241 Theorem 8.8.1] for the Holder space C 2+0: (Mt). 

Lemma 3.2 (Interpolation inequalities for Daskalopoulos-Hamilton-Koch Holder spaces). Let 
R > 0. Then there are positive constants m = m(d,a) and C = C(T, R,d,a) such that for any 
u £ Cg +a (M.T) with compact support in [0,oo) x P^(x°), for some x° £ dW, and any e £ (0, 1), 
we have 

IMIcfpr) - £ IHIc s 2+Q (H T ) + m |Mlc(!<r)' ( 3 ' 6 ) 

ll u ^illc(H T ) - e IMIc* 2+a (H T ) + Ce m |Mlc(H T )' (3-7) 

\\ x dUx i \\ C f(n T )- e \\ u \\c 2 + a ^T) Jr( ~' e m ll u llc(ii T )' ( 3 - 8 ) 

\\ x dUxix j \\c(W T ) — e IHIc 2+a (H T ) + m |l u llc(H T )- ( 3 - 9 ) 

Remark 3.3. Notice that Lemma 1331 does not establish the analogue of [24j Inequality (8.8.4)], 
that is, 

[ u xi]c£(W T ) - e IHIc 2+a (H T ) + Ce m |l M llc(H T )- 
This is replaced by the weighted inequality (|3.8p . 

Proof of Lemma VJ.IA We consider rj £ (0, 1), to be suitably chosen during the proofs of each of 
the desired inequalities. 

Step 1 (Proof of inequality (|3.6|) ) . We only need to show that the first inequality (|3.6|) holds 
for the seminorm [wj^^j. It is enough to consider differences, u(Pi) — u(P 2 ), where all except 

one of the coordinates of the points P\,P 2 £ Ht are identical. We outline the proof when the 
x;-coordinates of Pi and P 2 differ, but the case of the t-coordinate can be treated in a similar 
manner. We consider two situations: \xj — x 2 \ < n and \x\ — xf \ > ?]. 

Case 1 (Points with Xj-coordinates close together). Assume \xj — x 2 \ < rj. We have 



|u(Pi)-u(P 2 )| < \xl-xf\\\u 



*i Hc(H T ) 



I 1 2 1 
\X- - XV 



- 71 ' 1 v 1 IHIc 2+Q (e T ) 

1 -x 2 \\ a (3-10) 
< n I — - I \\u\\ C 2 +a{mT) 



7] 

r^r~. 1 (\Z\ 121 1 n a(r> EuML.II 

c 2+Q (e T )' 



< V l - a 2Vx- d + J\xj-x 2 \ s a {P u P 2 )\\u\\ c 2 + 
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where in the last line we used the fact that, by (|2. 1 1) . 



I 1 o I 

\X; — XT 



s(P 1 ,P 2 ) = 1 * " (3.11) 

2^d + -x}\ 

Because u has compact support in the spatial variable, we obtain in (j3.10jl that there exists a 
positive constant C = C(a, R) such that 



\u(P 1 )-u(P 2 ) l x 
s a (P l ,P 2 \ - V 



<C^- a \\u\\ c 2 +a(W ^ 

which concludes this case. 



Case 2 (Points with Xj-coordinates further apart). Assume \xj — x\\ > rj. By (|3.1ip . we have 



»i ^2 1 \ a 



K f * g<l ) =r a [2^x- d + ^\x]-x^ s a (P 1 ,P 2 ). 

Because it suffices to consider points Pi and P 2 in the support of u, there is a positive constant 
C, depending at most on a and R, such that 

i < &r a s a (Pi,p 2 ). 

Therefore, 

\u(P 1 )-u(P 2 )\ < 2\\u\\ c(Wt) < Cr ] ~ a s a (P 1 ,P 2 )\\u\\ c{WT) , 
which is equivalent to 

^%^<Cv-"lH cmT) , (3,3) 

which concludes this case. 

By combining (I3.12|) and fj3. 13f) . we obtain 

Mcj*(H T ) - a \\ u \\c^ +a (W T ) + Cl l a H n llc*)(H T )- 
Since e G (0, 1), we may choose r] G (0, 1) such that e = Cr/ 1_a . The preceding inequality then 



gives (|3.6p . 

Step 2 (Proof of inequality (|3.7p ). Let P E Wt- Then, for any r] > 0, we have 
K(P)| < \u Xi {P)-r ] - l HP + iiei)-u{P))\+2r ] - l \\u\\ cmT) 
= \uxi(P) - u Xi (P + r)0ei)\ +2?7^ 1 ||'u|| c(IIt) 

- " u - (p + P + v e ei) + 2r? -i || tt || 



for some constant 6 G [0,1]. Using 

s{P,P + r]6ei) < rj l/2 , VPgS t , (3.14) 

we have 

K(P)| < ^ /2 KJ Cf (Ht ) + 2r ] ~ 1 \\ U \\ c{mT) , VP G H T . (3.15) 
Since e G (0, 1), we may choose r\ G (0, 1) such that e = rf 1 ! 2 . Then (|3.7p follows from (|3.15p . 
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Step 3 (Proof of inequality (|3.8p ). Because u has compact support in the spatial variable, then 
(|3.7p gives, for some positive constant C = C(a, R), 

\\ x d u xi\\o(W T ) ^ C £ ll u llc? +a! (H T ) + m \\u\\ C (^ T y (3.16) 
This gives the desired bound in (|3.8j) for the term Hx^Mxi llc(H T )- ^ remains to prove the estimate 
(|3.8p for the Holder seminorm [xd,u Xi ] Ca ^ T y As in the proof of (|3.6p . it suffices to consider the 

differences x d u Xi (Pi)—x d u Xi (P 2 ), where all except one of the coordinates of the points Pi, P2 £ 
are identical. 

First, we consider the case when only the x^-coordinates of the points Pi and P2 differ. We 
denote P& = (t,x',x d ), k = 1,2. 

Case 1 (Points with x^-coordinates close together). Assume \x d — x 2 d \ < rj. Using 

(XdU x ^) Xd — XdU XiXd -\- U Xi 

and the mean value theorem, there is a point P* on the line segment connecting Pi and P2 such 
that, 

xK(Pi) - x 2 d u Xi (P 2 ) = (x d u XiXd (P*) + u Xi (P*)) {x\ - x% 

and so, 



\x l d u Xl {Pi) - x 2 d u Xi {P 2 )\ < 1] 



I 1 2 1 \ ol 

\ x d Jb d\ 



< 77 



V 

l-a 



\ u \\c* +a (w T ) 



X d + ^d + ^\ X d- X d\) S a (Pl,P2)\\u\\ c 2 + a{WT y 



Because u has compact support in the spatial variable, there is a positive constant C = C(a,R) 
such that 

\x d U Xl {Pl) - X 2 d U Xl {P 2 )\ ■■ . . 

ga ^p 2) < Ct] \\u\\ C 2 +a(MT y (3.17) 

which concludes this case. 

Case 2 (Points with x^-coordinates further apart). Assume \x\ — x 2 d \ > r\. We have 

\x\u Xl {P\) -x 2 u Xt {P 2 )\ < J x dUx t \\c (g T ) 
s«(Pi,P 2 ) " \x\-x d 

< Cr) a \\x d u Xi \\ c( ^ T y 
Since e G (0, 1), we may choose 77 such that e = 7] a+1 in (13.161) . We obtain 

\ x d u Xj(Pi) - x d u Xi (P 2 )\ m (i +a )_ a|| ,, /o 1 o\ 
s a(p u p 2 ^ <Cr]\\u\\ c 2 +a{WT) +Cr] IMIc(H T )> i 6 - 1 *) 

which concludes this case. 

Combining (|3.17p and (13. 18h gives 

\ x d. U Xi(Pl) - X 2 d U Xi (P 2 )\ ^ l-qii 11 , ~ - m (l+ a )-a||,.|| ("3 1 0N 
s a( Pl) P 2 ) ^ G? ? H U llc s 2+Q (H T ) + G? ? IMb(H T )- I 3 " 19 ) 

A similar argument, when only the Xj-coordinates of the points Pi and P 2 differ, 1 < i < d — 1, 
also yields (pUQjh 

Next, we consider the case when only the i-coordinates of the points Pi and P 2 differ. We 
denote P& = (x, k = 1,2. We shall only describe the proof of the interpolation inequality for 
u Xi when i 7^ d, as the case i = d follows by a similar argument. We denote 5 = y\ti — t 2 \. 
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Case 1 (Points with ^coordinates close together). Assume \t± — 1 2 \ < i]. We have 



\u Xi (Pi)-u Xi {p 2 )\ < 



u Xi (x,ti) - - (u(x + 8ei,h) - u(x,ti)) 



+ 



u x Ax,t 2 ) - - (u(x + 5ei,t 2 ) - u(x,t 2 )) 
o 



+ -=\u(x + Sei,h) - u(x + Sei,t 2 )\ + -z\u(x,t\) - u(x,t 2 )\. 
d d 

By the mean value theorem, there are points P£ S Hy, k = 1,2, such that 

\u Xi (Pi) - u Xi {P2)\ = \u Xi (x,ti) - u Xi (x + 9\8ei,t\)\ + \u Xi (x,t 2 ) - u Xi {x + 2 5ei,t 2 )\ 

1*1 — *2 1 , / . c .*M , 1*1 — *2 1 I , ,*m 

< \n XiXi {PtM)\^\n XiXi {P^M)\^ 

1*1 — *2 1 I I . x . 1*1 ~ *2 1 I / 

H j \ut{x + 5ei,t x )\ H \u t (x,t 2 )\. 





Notice that s(Pi, P 2 ) = \/\ti — *2| = S and so, by multiplying the preceding inequality by Xd and 
using the fact that u has compact support, we obtain 

\XdU Xl {Pl) - X d U Xi (P 2 )\ .1=01 |1— i±2|| II 

— S ^iFcfWxiXiHc'OpT)!*! ~~ *2| 2 +-^1*1 -*2| 2 lF<i u t|lc (H T )' 



s a {Px,Pi) 



and thus 



kdMiil-Pi) - x d u Xi (P 2 ) 



s a (Pi,P 2 ) 

where C is a positive constant depending only on R 



< Cr\ 2 \\u\ 



c 



(3.20) 



Case 2 (Points with t-coordinates further apart). Assume |ti — ^2 1 > This case is easier, as 
usual, because 

IxdU^jPt) - x d u Xt (P 2 )\ 2 -fn II _ C3 2H 

s Q (Pi,P 2 ) lFrf^illc(l T )' 

which concludes this case. 

By combining inequalities (|3.20p and (13.21|) . we obtain 

\xdU Xi (Pi) - x d u Xi (P 2 ' 



<Cr] 2 ||u|| c 2+ Q(Ht) +2r/ 2\\x d u Xi 



IC(H T )- 



(3.22) 



s a (Pi,P 2 ) 
By (|3TT9l) and ([3T22]) . we have 

[ x d,u Xi ] C a(ji T ^ < Crf 1 1«| | C 2+a(| T j + 277 ^H^dttxillcpr)' 

where ao := min{a, 1 — a, (1 — a)/2} and mo := 4 + a. Without loss of generality, we may assume 
C > 1. Since e G (0, 1), we may choose 77 € (0, 1) such that e = Crj a ° in the preceding inequality, 
and so we obtain the estimate (13. 8j) for [xd^Jpopj,). This concludes the proof of (|3.8|) , 

Step 4 (Proof of inequality (I3.9P ). For any P = (t,x) G My, we can find G [0, 1] such that 

\xdU XiXj (P)\ < \x d u XiXj (P) - {x d u Xi {P + nej) -x d u Xi {P)) \ + 2(1x^11 c(St) , 



and thus 



\x d u x . x .(P)\ < \x d u XiX .(P) - x d u XiX .(P + Oi]ej)\ + 2\\x d u x 



IC(H T )' 



(3.23) 
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where 1 < i, j < d. If j ^ d, we have 

< Cr] a/2 [x d u XiXj ] c?(WT) + 2\\x d u Xi \\ c(WT) , (by QUM)- 

Because e € (0, 1), we may choose r\ € (0, 1) such that e = Cr] a l 2 in the preceding inequality and 
combining the resulting inequality with (|3.8p . we see that the estimate (|3.9p for HaidWsjasjHcrffiy) 
holds for all j ^ d. 

Next, we consider the case j = d. For brevity, we denote P' = P + Orjed = (t,x',x' d ) and 
P" = (t,x',0). We consider two distinct cases depending on whether 77 < x' d /2 or rj > x' d /2. 

Case 1 (Points with x^-coordinates further apart). Assume r\ < x' d /2. By (|3.23j) . we obtain 

|_ „, (p\\ s \ x dUxjX d (P) — x d U XjX d {P )\ q/p p /N 

l^^^l - S -(P,P') S (3.24) 

+ K^d - x d )u XiXd {P')\ + 211x^11^^, 
and so, using (|3.14p and the fact that \x' d — x d \ < rj, by definitions of points P and P', 

\ x d u XiX d (P)\ < V ^ [ x d u XiX d ]c^(U T ) ZT\ X d u XiX d {P )| + 2||2;rflt Xi || c ,^|j T ^, 

X d 

which gives, by our assumption that rj < x' d /2, 

\ x dUx i x d (P)\ < V ^ [ x d u XiX d ]ca(jl T -j + — ll^rf^iXd ||(7(J| T ) + 2||xrfU Xi H^^u^-j. (3.25) 

As (I3T25I) holds for all P E Hy, we have 

INd^XjXdHc^j,) — n ll^rf^i^d llc(H-r) ^ ^ 2 [ x d Ux izJcf (H t ) ^Ikd^ii llc(B T )> 

or 

< 2r l a l 2 [x d u XiXd ] Cf (Ht) + 4||x^J| c(Ht) , (3.26) 

which concludes this case. 

Case 2 (Points with x^-coordinates close together). Assume rj > x' d /2. Recall that x' d = x d + 6rj, 
for some 9 £ [0,1], so that |x^ — x^l < x^. From Lemma 1331 we have 

x dU XlXd ->■ 0, as x rf ->■ 0. 

Therefore, we obtain 

|(x' d -x d )u^,(P')| < l^, d (P')l = Wd ^ P '^ 0l s a {P',P") 

(2r/) Q/i , 

where the second inequality follows from the fact that 



s(P',P") < ^x' d < v^. 
By a calculation similar to that which led to (|3.24p . we obtain 

l^dUxjXd^;! ^ s a (P P') V^'^ ^ 



+ K^d - ^)u Xi x d (P')l + 2)1x^1 



C(H T )' 
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and hence 

\xd,u Xi x d {P)\ < C r ] a ^ 2 [ x d u x i x d \c£'(a T ) + (^V^^^dUxixJc^ (B T ) + 2||xrfit Xi ||cf(g T )) (3.27) 
which concludes this case. 

By combining inequalities (|3.25p and ()3.27|) . we obtain, for all P G Mt, 

\xd,u Xi x d {P)\ < 2 ll^d^i^dllc^T) ^7 ^ (H T ) ^ll^^^^i llc(H T )' 

which is equivalent to 

Ikd^ZizJIc^Hy) < 2 H^d^EixJIcOSr) ^ ^ r l° 1 2 [ X d u x i x d \cg'(W T ) + ^ll^d^i llc(H T ) • 

Rearranging terms yields 

ll x d M ZizJlc(H T ) < ^Cv a ^ 2 [ x d u xix d \ca(a T ) + ^\\ x d u xi\\c(a T )- (3.28) 

Since e G (0, 1), we may choose n G (0, 1) in ([3T26]) and ([338ft such that e = 4(C + 1)?? Q / 2 and so 
we obtain 

lFd u a:jxJlc(5 T ) — £ /^i x d u x i x d \cf(a T ) + ^\\ x d u Xi\\c@& T )- 

Combining the preceding inequality with (|3.8p applied with e replaced by e/8, we conclude that 
(|3T9D holds. 

This completes the proof of Lemma I3.2L □ 

3.2. Maximum principle and its applications. In this subsection, we prove a variant of the 
classical maximum principle (see [241 Section 8.1] and [3J Theorem 1.3.1]) for parabolic operators, 
L, of the form (OP. 



Lemma 3.4 (Maximum principle). We relax the requirements stated in Assumption \2.2\ on the 
coefficients a = (aij),b = (&i),c of the operator L in (jl.2p to those stated here. Require that the 
coefficients x^a^, bi, c be in C\ oc ((0,T] x H), that b d > when x d = 0, that c obeys (|2.10p . and 

tr(x d a(t,x))+x-b(t,x) <K(l + \x\ 2 ), V(t,x)eW T , (3.29) 

where K > 0. Suppose u G C 1,2 (]H T ) n C(H T ) o&eys 

u t ,u Xi ,x d u x . x . G Ci oc ((0,T] x H), 1 < i,j < d, (3.30) 

and 

x dU Xl x J =0 on (0,T] xffl, 1 < i,j < d. (3.31) 

If 

Lu<0 on (0,T)xH, (3.32) 
u(0,-)<0 on M, (3.33) 

/j/ien 

u < on [0,T] x H. (3.34) 

Proof. We apply an argument similar to that used in the proofs of |24} Theorem 2.9.2, Exercises 
2.9.4 <fe 2.9.5] (maximum principle for elliptic equations on unbounded domains) and |24^ Theo- 
rems 8.1.2 & 8.1.4] (maximum principle for parabolic equations on unbounded domains); see also 
Theorem 1.3.1]. 
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We consider the transformation 

u{t, x) = e xt u(t, x) on [0, T] x H, (3.35) 

where the constant A > will be suitably chosen below. The conclusion of the lemma follows if 
and only if (|3.34p holds for u. By f|3.32|) and definition (|3.35p we have 

e xt (L + \)u = Lu <0 on(0,T)xH. 

Therefore, by (|3.32[) and f|3.33j) . the function u satisfies 

(L + A) u < on (0, T) x H, (3.36) 

fi(0, •) < on H. (3.37) 

We may suppose without loss of generality that 

m := supu > 0, (3.38) 

as if m < we are done; we shall show that m = 0. Define an auxiliary function, 

h(t,x) := 1 + |x| 2 , V(i,x)eH T . (3.39) 

By direct calculation, 

d d 
-(L + \)h= ^ x d a ij h x%X:j + ^2 bih Xx + (c - X)h - h t 

i,j=l 1=1 
d d 

= 2x d an + 2 biXi + (c - A)(l + |a;| 2 ) 

i=l i=l 

< (2K + c - A) (1 + \x\ 2 ) on (0,T)xH, (by ([221) 

By choosing 

A > 3K, (3.40) 

we notice that condition (|2.10p . gives 

2K + c(t,x) - A < \/(t,x)eE T , (3.41) 

and so, we have 

(L + X)h>0 on (0,T)xH. (3.42) 
Fix 5 G (0, 1) and define another auxiliary function 

w := u — 5mh. (3.43) 

From (f3736|l and (13^21) . we have (L + X)w < on (0, T)xl and thus 

(L + A) w < on (0, T] x M, (3.44) 

since wt,w Xi ,XdW XiXj extend continuously from (0, T) x H to (0, T] x EI because these continuity 
properties are true of u by hypothesis (|3.30p (and trivially true for h) and thus also true for w. 

Claim 3.5. There is a constant, Rq = Ro(5) > 0, such that 

w<0 on [0,T] x B R , Vi? > R (5). (3.45) 
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Proof. Since w G C([0, T] x Pr), the function w attains its maximum at some point P G [0,T] x 
.Br. If P G (0,T] x P^, then 

w*(P) > 0, ^,(P) = 0, (w x . x .(P)) < 0. 

Therefore, 

d d 

- (L + A) te(P) = x daij (P)w XlXj (P) + bi(P)w Xi (P) + (c(P) - AMP) - u*(P) 

ij=l i=l 

< (c(P) - X)w(P). 
If P G (0,T] x (B R n{x d = 0}), then 

iu t (P)>0, w Xd (P)<0, w Xi (P) = {i^d), x d ^.(P) = 0, 
where we use the fact that u, and thus it?, obey (|3.30p and (I3.3ip . Therefore, 

d d 

-(L + X)w(P) = x d a l3 {P)w XiX] (P) + Y,bi(P)w Xl (P) + c(P)w(P) - w t (P) 

i,j=l i=l 

<b d (P)w Xd (P) + (c(P)-X)w(P) 

< (c(P) - X)w(P) (by hypothesis that b d > on {x d = 0}). 

Hence, for P G (0,T] x P fi or (0,T] x (P H n {x d = 0}), we obtain 

-(c(P) - X)w(P) < Lw{P). 

But Lw{P) < by (|3~44jl and therefore, w(P) < since c < K by (IZTO and A > 3K by (COOl) . 
Now suppose P lies in one of the remaining two components of the boundary of (0, T) x Br, 

Sf R := {0} x B R or ®\ := (0, T] x ({x d > 0} n 9Pr) . 

The definition ([3T39]) of h, definition (j3Tl3|) of w, and (13371) yield 

tu(0, •) < on B R , VP > 0, (3.46) 

and thus, w{P) < if P G for P > 0. If P G then |x| = P and we see that (1335]) . 
(I339|) . and (|3Tl3]l give 

u>(P) = ii(P) - 5m/i(P) 
< m - Sm(l + R 2 ) 
= m(l - 5{1 + P 2 )). 

But 1-5(1 + P 2 ) < provided P > P (5) := - l) 1 / 2 > and so to(P) < for all P > P (<5). 
This completes the proof of Claim 13.51 □ 

By (|3.45p . we see that 

w = u — 5mh < on Mr, 
for all 5 G (0, 1) and thus, letting 5 I 0, we obtain (|3.34j) . □ 

Lemma 13.41 immediately leads to the following comparison principle. 
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Corollary 3.6 (Comparison principle). Assume that the coefficients of L in (|1.2p obey the hy- 
potheses of Lemma\3^\ Ifu,v£ C 1 ' 2 (Hr) D C(H T ) obey ([3301 . (|3T3"D . and 

Lu<Lv on (0,T)xH, (3.47) 

u(0,-) < «(0, •) onH, (3.48) 

then 

u<v on [0, T] x W. (3.49) 
Note that if (13.47j) and (13.48|) are strengthened to 

\Lu\<Lv on(0,T)xH and |«(0, -)| < v(0, •) on M, (3.50) 
then Corollary 13.61 yields 

|u| < v on [0,T] x H. (3.51) 
We can now turn our attention to the 

Proposition 3.7 (Application of the maximum principle). Assume that the coefficients of L in 
(|1.2|) obey the hypotheses of Lemma \'J-4\ except that (|3.29|) is replaced by the stronger condition 

d 

x d \oij(t,x)\ + \x ■ b(t,x)\ < K(l + \x\ 2 ), \/(t,x)eW T . (3.52) 

Suppose that u G C 1 ' 2 (H T ) n C(M T ) solves ([LI]) and obeys (|3T30j) and (EOT1) . 

(a) Iffe C(U T ) and g G C(M), i/ien 

II«IIc(Ht) ^ eXT ( T H/llc(H T ) + hWcm) ■ (3 - 53) 

(b) Ifq > 0, f G %°(M T ), and 5 G %°(H), £/ien 

IMkijdfe.) < e^+^+W (||/||^o (Hr) + \\ 9 \\ %om ) • (3.54) 

Proof. To obtain (|3.53|) and (|3.54|) . we make specific choices of the function v in Corollary 
To establish (|3.53j) . we choose 

Vl (t,x) := e Kt (t\\f\\ c(MT) + \\g\\ m ) , V(t,x) G W T , 

Direct calculation gives 

Lvj. = (-0 + ^ + ^*11/11^ 

>\\f\\c(W T ) on(0,T)xM (bydSUD). 

Therefore, since Lu = f on (0,T) x H by (ITTjl . 

< Lvi on (0,T) x H, 

and so Ui satisfies conditions ()3.50p . Thus, by (|3.5ip . we obtain (|3.53D . 
Next, we prove (|3.54p . For this purpose, we choose 



xt (\\f\\v°(a T ) + \\9 ll«j(S)) 



V2 (t,x):=e At ^ (i + g |2 )q /2 ' V(t,x)€H T , (3.55) 
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where A > will be suitably chosen below. First, we verify that 1)2 satisfies the first inequality in 
(|3.50p . Direct calculation gives 



LV2 = v 2 



b{(tjX^Xi . . v ^ dij (t, x)XiXjXd * ^ Oj^it^ X^Xd 



-c(t, x) + A + q E ~ + 2)E 

i=l i,j=l 11/ j = i 



+ b| 2 



Conditions ([332]) and (|2~l"0j) . imply that 

Lv 2 >v 2 (K + X-qK-q(q + 2)K - qK) 

By choosing 

\=l + q{q + A)K > 0, 

we obtain 



fr* > v 2 > (1 + on(0,T)xH. 
By the definition (|2.7p of the norm || • ||<^o(U T ), we have 

{i + \x\ 2 ) q/2 \f(t,x)\ < ||/||^o (Ht) , V(*,s) g [o,T]xI, 

and so, using Lu = f on by (jl.ip . we obtain the first inequality in (|3.50p . that is, 

\Lu\ < Lv 2 on (0,T) x H. (3.56) 



Similarly, by the definition (|2.6p of the norm || • ||^>o(g), we have 

(l + \x\ 2 ) q/2 \g(x)\ < Ibllyop), Vx G H. 
Since it(0, •) = g on H, it is immediate that 

|u(0,-)| < ^2(0,-) on H. (3.57) 

Therefore, by (|3.56|) and (|3.57|) . V2 obeys conditions (|3.5U|) . and so we obtain (|3.54|) from the 
definition (I3.55P of V2 ■ □ 

3.3. Local a priori boundary estimates. We have the following analogue of |24t Theorem 
8.11.1]. 

Theorem 3.8 (A priori boundary estimates). There is constant R* = R*(d, a, K, 5, v), such that 
for any < R < R* , we can find a positive constant C = C(d,a, K,5,u, R), such that for any 
x° G dM, T G (0,R] and u G C 2+Q (Q 3i?/ 2,r(^ )) that satisfies 

(Lu = f on Q 3R /2,t(x°), 
\«(0, -)=g onB 3R/2 (x°), 

the following estimate holds 

H U lk 2+Q (Q«, T (z°)) ^ C (ll/llcf (Q 3 r/2,t{* )) + ^C*+«(B 3R/2 (x°)) + W U Wc(Q 3R/2tT (x°))) • ( 3 - 59 ) 

Proof The proof is a blend of the localizing technique used in [241 Theorem 8.11.1] and the 
method of freezing the coefficients. Fix R > and T G (0, R]. Let (p : M. — > [0, 1] be a smooth 
function such that (p(t) = for t < 0, and (p(t) = 1 for t > 1. Let 

n 1 
R n = i?^^, 

k=0 



(3.58) 



of 
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and consider the sequence of smooth cutoff functions {tp n }n>i C C°°(M. d ) defined by 

ip n (x) := ip ( ^J-V VxGM, 

V-Kra+l — tin) 

so that < ip ri < 1 and v?n|.B R = 1 and (p n \B c = 0, where B% denotes the complement 

B[> n+1 in R^. Also, by direct calculation, we can find a positive constant c, independent of n and 
R, such that 

1 1 1 1 C« (H) ' II (VrOxj llcf (H)' H^cKVrOaijZj llcf (H)> II (^n)^^ llc™(II) — c ^ ^ " (3.60) 

We denote r := 3 -3 < 1 and set 

a n :=\\mp n \\ c 2+ a{mT) . (3.61) 

We denote by Lq the operator with constant coefficients obtained by freezing the coefficients of 
L at (0,x°). Proposition IA.1I shows there exists a positive constant C, depending only on K, 5 
and is, such that 

a n = WuifnW^+a^ < C (j|L (^n)llc7f(H T ) + ll^nll^p)) > ( 3 - 62 ) 

and so 

an < C (||L(^ re )|| c «(l T ) + || (L - L Q )(wp n )\\ Cf (Ht) + ||0Pr»|lc?+«(l)) • ( 3 - 63 ) 
We have L(uip n ) = (f n Lu — [L, <p n ]u, where, by direct calculation, 

d d d 

[L,ip n ]u= 2x d aij(t,x)u Xi ((p n ) Xj + } j b i (t,x)u(ip n ) Xi + ^ x d aij(t,x)u(ip n ) XtXj . (3.64) 

i=l i , j = 1 

By the analogue of the |19l Inequality (4.7)] for standard Holder norms, we have 

\\<PnLu\\c^^. T ) - C ll- C/n llcf(Q fln+1 , T )ll^n|| C c«(I|), 

and by (|3.60p . there is a positive constant c such that 

\\<p n Lu\\ c „ {mT) < cr- n R~ 3 \\f\\ CHQ3R/2 T) . (3.65) 

Prom properties (|2.13p and (I2.14p of the coefficients ay, 6, and c on H^t, we can find a positive 
constant C, depending only on K and d, such that 

||[L,y? n ]u|| Cf(HT) < Cr~ n R~ 3 (\\x d (iMp n+ i) Xi || c? (Ht) + ||«^n+l|lc«(Si T )) ■ ( 3 - 66 ) 
The interpolation inequality (|3.8p in Lemma 13.21 gives us, for any e 6 (0, 1), 

\\xd{uyn+l)xi\\cf(pi T ) + ll^n+lllc" (1 T ) - e ll w Vri+l llc*f +Q (H r ) + C^"™ ll^n+l |lc(H T ) ' (3-67) 

Hence, the preceding inequality together with (|3.65|) and (|3.66|) . give us 

\\L{ufn)\\c ? (W T ) < Cr~ n R- 3 (\\f\\c?(Q 3R/2T ) +e||«¥'b+i|Ic?+-(H t ) 
+ e m ||u( / 5 n+ i|| c , (HT - ) 
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Next, we estimate the term (L — Lo)(wp n ) in (|3.63p . that is, 



\L - L )(u<p n ) = ^ x d (<Hj(t,x) - aij(0,x )) {wp n ) XiX . 

d 

+ (M*. x ) ~ 6j(0, x )) (uip n ) Xi + (c(t, x) - c(0, x )) (wp. 



We have: 



Claim 3.9. There is a constant C = C(K, R* ,d,a) such that, for any e £ (0, 1), we have 

|| (L - L )(u<p n )\\ Cf (5t) < C7 (V/ 2 + r-"iT 3 e) ||^ n+1 || C 2 +q(]Bt) 

+ Cr-"i?- 3 e- m ||n^ n+ i|| C7(HT) . 
where m is the constant appearing in Lemma \3.SX 

Proof of Claim HOI From the Holder continuity (|2. 14j) and boundedness (|2.13|) of the coefficients 
aij on H2,r, we can find a positive constant C, depending only on if and d, such that 

ll^d ( a ij(£> ~~ a ij(0, 33 )) ( u fn)xiXj\\cja(j^ T ^ (371) 
< CR a / 2 1 1 Xd(uif n ) XiXj || ca(H T ) + ^INdC^VnJxjXj llc(H T )- 

Using the following calculation in the preceding inequality 

\\Xd{uf n ) XiXj |Ic'q(|j t ) — \\ x dU XiXj (p n \\ca^ T } + || XdU Xi (ip n ) X j \\ Qa (jf^ + \\xdU{(p n ) XiX:j \\c*(E. T ) 

< [x d {uip n+1 ) XrX] ] c?{mT) +cr~ n R- 3 (\\x d (u(p n +i) aii x i \\c(B. T ) 

+ \\Xd{u<fi n +l)x i llcf*(H T ) + \\ x dU<fi n +l Hcj*(H<r)) ' 

together with the interpolation inequality (|3.9p in Lemma 13.21 applied to u<p n +i, 
\\ x d{u^p n +l)x i x j \\c(m T ) + ll x d( n( / J n+l)a;Jlc , a (e T ) + Ip^n+l Hc™(1It) 

< e||u^ n+ i|| c ,2+ap T) + Ce~ m \\uip n+1 \\ c{WT y 

we obtain in (|3.7ip 

\\ x d { a ij{ti x ) ~ a ij(0, x )) (u(p n ) XiX j \\c^(W T ) 

< CR al2 [x d {uipn+i)\ Cf{ w T ) + Cr~ n R~ ? '£\\uip n+ i\\ c 2+ a( ^ T) + Cr~ n i2~ 3 e~ m ||M^ n +i|| c(]i j T) 

< C ( R a/2 + r- n R~ 3 e) ||^ n+1 || C 2 +Q p r) + Cr""iT VHI^ + i|| C (H T )- 
A similar argument gives us 

|| (bi{t,x) - bi(0,x )) (u<p n ) Xi \\ c « {mT) + || (c(t,x) - c(0,x )) (u<pn)\\c?(R T ) 

-nn—3r\\„,,„ II i r<„— n r>— 3^.— m \ 



<Cr n R d e||^ n+ i|| C 2+ap T) + Cr n R 6 e m ||u99 n+ i|| c{HT) , 
and so, using the preceding inequalities in (|3.69p . we obtain the estimate (|3.70p . □ 
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Combining (f3~68T> . (HTTPl) and (13T631) . we obtain 

«n < Cr^R-Z (||/|| C? (Q3H/ 2 , T ) + »f llo^-^)) 

+ C (>/ 2 + r-"i?- 3 £ ) a n+l + Cr- n R- 3 e- m \\u\\ c{ Q 3R/2 T y 

We multiply the inequality (13.72P by 5 n , where 5 > is chosen such that 

r -(m+l) S < 1/2, (3.73) 

Next, we choose R* > such that CR* a / 2 = 5/2. For it! G (0, we choose e = e(rt, i?) G (0, 1) 
such that Cr~ n R~ 3 e = 5/2. With this choice of 5, R* and e, inequality (|3.72p yields, for all 
< i? < i?*, 

5^a n < CR-\r-HY (ll/ll<* WaW ) + Mc^b^ 

+ <f l+1 a n+ i + (2C) m+1 fi- 3 ( m+1 ),5- m (r-( m+1 )j) m ||u|| c(53ii/2>T) . 
By (|3.73p . we also have r~ 1 5 < 1/2. Then, by choosing 

d := max {ciT 3 , (2C) m+1 iT 3(m+1) <T m } , 

we obtain 

5 ra a„ < Cl 1 (||/|| C |.(Q 3W ) + \\g\\c^ { B 3R/2) ) + + ^IMI C( q w ). (3-74) 

Summing inequality (|3.74p yields 

^25 n a n < Ci (||/|b-(«5 BH / 3 ,r) + W9\\c^(B 3R/2 )) 

n=0 n=0 

+ £ ^ +1 a n +i + CrWuWc^^ £ -. 

n=0 n=0 

The sum ^™ i} n a n is well-defined because we assumed u G C 2+a (Q 3 n/2,T)j f° r an -R S (0, R*] 
and T G (0, R], while 5 G (0,1). By subtracting the term ^2^ = \5 n a n from both sides of the 
preceding inequality, we obtain the desired inequality (|3.59p , □ 

3.4. Local a priori interior estimates. In order to establish the local interior estimates, we 
need to track the dependency of the constant N appearing in [241 Lemma 9.2.1 & Theorem 9.2.2] 
on the constant of uniform ellipticity and on the supremum and Holder norms of the coefficients. 
Lemma 13 . 1 1 1 and Proposition 13.121 apply to a parabolic operator 

d d 

-Lu := -u t + aijU XiXj + biU Xi + cu, (3.75) 

i,j=l i=l 

whose coefficients obey 

Hypothesis 3.10. There are positive constants 5\, K\ and Ai such that 

(1) (a,ij(t,x)) is a symmetric, positive definite matrix, for all t G [0,T] and x G M d . 

(2) The diffusion matrix a is non-degenerate 

d 

aij(t,x)^j > <5i|e| 2 , V£ G M. d , t E [0,T],x £ M. d . (3.76) 
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(3) The coefficients c%-, 6, and c are uniformly Holder continuous on [0, T] x R d , 

ll%llc?([0,T]xM d ) + IIMc£([0,T]xR d ) + l|c|lc£([0,r] xR d ) — Kl- (3.77) 

(4) The zeroth order coefficient, c, is bounded from above, 

c(t, x) < Ai Vt G [0, T], x G R d . (3.78) 

The difference between the statements of Lemma 13.111 and Lemmas 9.2.1 & 8.9.1] is that 
we explicitly give the dependency of the constant N 2 on 5\ and K\\ the proofs are the same 
except that at each step we explicitly determine the dependency of the constants appearing in 
the estimate (|3.82j) on b\ and K\. 

Lemma 3.11 (A priori estimate for a simple parabolic operator with constant coefficients). 
Assume that (a^) in (|3.75p is a constant matrix obeying (|3.76p . 6j = 0, and c = 0. Then there 
are positive constants, 

Ni=N 1 (d,a,T), (3.79) 
N 2 = JVi max^.^^max^ifiKl + <^ a/2 )(l + K* /2 ), (3.80) 

suc/i i/iai, for any solution u G C2+ Q ([0,T] x M d ) to 



lu = / on (0, T) x R d , 
u(0,-)=g onR d , 



(3.81) 



mt/i / G C%([0,T\ x M d ) and g G C72+ a (IR d ), we /iave 



W U \\c 2 p +a ([0,T]xR d ) - N ? (ll/llc«([0,T]xMd) + IIS'llc7| +Q (IR d )) ■ ( 3 - 82 ) 

The proof of Lemma f3.11l can be found in Appendix[Bj The statement of Proposition 13. 121 is the 
same as that of \24\ Theorems 9.2.2 & 8.9.2] except that in the estimate fj3.86|) . the dependency 
of the constant on 5\ and K\ is made explicit in (|3.83|) . (|3.84|) and (|3.85|) . 

Proposition 3.12 (A priori estimate for a parabolic operator with variable coefficients). Assume 
Hypothesis \3.1(A Then there are positive constants 

p = p(a)>l, (3.83) 

N 3 = N 3 (d,a,T), (3.84) 

jV 4 = N 3 e x ' T (l + 6? + Kf) , (3.85) 

such that, for any solution u G C% +a {[0,T] x R d ) to 

(Lu = f on (0, T) x R d , 
\u(0,-)=g onR d , 

we have 

\\ U \\ct +a ([0,T]xR d ) ^ ^4 (||/||c«([0,T]xR<*) + IIS'lIc^ (Rd)) • (3-86) 

The proof of Proposition 13. 121 can be found in Appendix [Bj Next, we have the 
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Proposition 3.13 (Local estimates for parabolic operators with variable coefficients). Assume 
Hvpothesis \3.10\ and that R > 0. Then there are positive constants 

p = p(a)>l, (3.87) 

N 3 = N 3 (d,a,T,R), (3.88) 

iV 4 = iV 3 e AlT (l + 5~ p + K?\ , (3.89) 

such that for any x° E M. d and any solution u e C% +oi (Q 2 r,t(x )) to 

\Lu = f onQ 2 R,T(x°), 
\u(0,.)=g onB 2R (x°), 



we have 

\\ U \\c 2 P +a (QRMx°)) ~ Ni (H^k Q «W(*°)) + H 5 llc p 2+Q (B 2ii (xO)) 
+ \\ u \\c(Q 2RtT (xO)) 



(3.90) 



Proof. The proof follows by the same argument as in Theorem 13.81 with the following modifica- 
tions: 

• In inequality (|3.62p . instead of applying Proposition lA.l} we apply Proposition 13.121 

• We use the interpolation inequalities for classical Holder spaces Cj } +a ([Ml Theorem 
8.8.1]), instead of the interpolation inequalities suitable for the Holder spaces Cg +a 
(Lemma I3.2f) . 

This completes the proof. □ 
We now consider estimates for the operator L in (11.21) . 

Proposition 3.14 (Interior local estimates). There is a positive constant p = p(a), and for any 
< R < R* , with R* as in Theorem \3.8l there is a positive constant C = C(d,a,T,K,S,R* ,R), 
such that for any x° £ EI satisfying x® — 2R > R* /2, and for any solution u E Cp +a (Q2R,t{x )) 
to the inhomogeneous initial value problem 

\Lu = f onQ 2 R,T(x°), 
\u(0,-)=g onB 2R (x°), 

we have 

(3.91) 

+ \\ u \y°(Q2R,T(x°))) ■ 

Proof. From Proposition I3.13| the linear growth estimate (|2.17p , and the fact that the matrix 
{xda,ij{t,x)) is uniformly elliptic on Ht \ Hr* / 2 ,t by (|2.12j) and (I2.15|) . we obtain 



a (Q R ,T(x°)) - + \ x °\y (ii/iic»(q 2 «,t(^)) + \\ g \\c 2 P +a {B2R{x°)) 

(3.92) 



k^r;i \^ I) ~ 

+ \\ U \\C(Q 2 r,t(x ))J ' 

where C\ is a positive constant depending only on T, K, 5, R* and R. 
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Claim 3.15. Given a function v G Cp +a (Q2R,T(x )), there is a positive constant C2, depending 
only in R* , p and a, such that for all R G (0, R*] and x° G Mt, we have 



(1 + \x \YM\c${Q 2 r,t{x )) ^ C ^\\ V \\^(Q2R,t(x°))- 
Proof of Claim WAR Recall that, by definition (pT8j) . 

||(1 + |x|) P u||c»(<5aH,T(* )) = \\ v W%?(Q2r,t(x°))- 

We may write 



(3.93) 



(i + \x"\y\v(t,x)\ 



1 + \x\ 



(l + \x\)P\v(t,x)\, V(t,s) £Q 2 r,t(x 



We can find a constant C2 = C2(R*,p) such that 



which implies 
Next, we have 

r.°hP 



1 + M 



(1 + \A) p \Mc(q 2R m*°)) Z ^||(1 + \x\Yv\\ ciQ2RMx0)) . 



<C 2 , Vx G B 2R (x"), V0<R<R*, 



(3.94) 
(3.95) 



(1 + nra^o^o)) = (1 + \x°\y 

< (l + |x°|) p 
+ (l + |x°|) p 



1 



(l + \x\)P 

1 

(1 + \x\)p 

1 



(l + \x\) p v 



C«(B 2R {x*)) 



+ \ X \) Pv Wc(Q 2R , T (x°)) 



(l + \x\)P 



C(B 2R (x°)) 



[(1 + |x|)p«] 



CZ(Q 2 r,t(x°))- 



As in (I3.94p , there is a (possibly larger) constant C2 = C2 (R* , p, a) such that 



(l + k U |) 



0\\p 



(1 + \x\)p 



CC2 



CZ(B 2R (x°)) 



Therefore, we obtain 

(1 + \A) p [v]c ?{ Q 2R , T{ x°)) < 0,11(1 + WAc { q 2R , t ^)) + C2KI + WWc-QwWY ( 3 - 96 ) 
Combining inequalities f)3.95j) and (|3.96p yields the desired inequality (|3.93p . □ 

Claim [3". 151 implies that 

(1 + \x°\) P \\f\\cz(Q 2R , T (x°)) < ^ 11/11^.(^5.(3,0)), 
(1 + \AY\\g\\cl+«{B 2R {x»)) < C 2\\9h p 2+a (B 2 R(x°))> 
(1 + \A) P \\u\\ C (Q 2 rMx°)) ^ C l\\ U \\v°(Q 2R , T (x ))' 

and so, the interior local estimate ()3.91|) follows from the preceding inequalities and (|3.92p . □ 
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3.5. Global a priori estimates and existence of solutions. The goal of this subsection is 
to establish Theorem 11.11 For this purpose, we need to first prove the analogue of Theorem 11.11 
when the coefficients are uniformly Holder continuous on \ W% t = (0) T) x R^" 1 x [2, oo). 

Hypothesis 3.16. In addition to the conditions in Assumption 12.21 assume that there is a 
positive constant K~2 such that the coefficients of L obey 

\\Xd<Hj IIc^(h t \h 2 ,t) + II^IIc«(h t \h 2 ,t) + II c IIc«(h t \h 2!T ) - (3.97) 
We first derive global a priori estimates of solutions in the case of bounded coefficients. 

Lemma 3.17 (Global estimates in the case of parabolic operators with bounded coefficients). 
Suppose Hypothesis \3.16\ is satisfied. There exists a positive constant C = C(T, a, d, K~2, S, v) such 
that for any solution u G ^+ a {W T ) to ([TT]) . such that Lu G ^ a (W T ) and u(0, •) G ^ 2+a (W), we 
have u G ^ 2+Q (IHIr) and satisfies the global estimate 

\\ U \\<g*+<x(Si T ) < C ^H^ll^a^) + ||^(0, Oll^S+ap)! • (3.98) 

Proof. We shall apply a covering argument with the aid of Theorem 13.81 and Proposition 13.131 It 
is enough to prove the statement for T > small. Let R* > be defined as in Theorem 13.81 and 
choose T G (0, R*]. Let {z k : k > 1} be a sequence of points in dM. such that 

Hfl. /2 ,T C (J Q R *, T (z k ), (3.99) 

k>l 

/2 

u T \ e R » /2)T C U Qr* /8 ,t(w 1 ), (3.100) 



and let {w l : I > 1} be a sequence of points in Wt \ Hr. / 2j t such that 



i>i 

and assume 

Qr*/4,t(w 1 ) nm R ,/^ T = 0, vz>i. (3.101) 

We apply the a priori boundary estimate (13.59H to u with R = R* , f = Lu and 5 = u(0, •) on 
Qb*,t(A Then, we can find a positive constant C\, depending at most on R*, K~2, 6, v, such 
that 

W U \\c 2 s +a {Q R *, T {z k )) ~ Cl (H Ln llcf(Q 3 «*AT(- fe )) + HMII Cs 2 +«(Q 3Jl * /2 , T (z*)) 



+ M 



Using definitions (J2SD of r(I T ), and (J23]) of ^ 2+a (H), with q = 0, Remark O and the 
hypotheses that Lu G ^ a (H T ) and u(0, •) G ^ 2+a (M), we obtain 

W U Wc 2+a (Q R * :T (z k )) — Cl {\\ Lu \\^^(W T ) + IM ' ') ll%f 2 + Q (H) + H n llc*(H T )) ' 

and inequality ([3.53P ensures 

IHIc s 2 +«(Q fl * T (* fc )) ^ C i (ll Ln ll^(H T ) + IK ' » Vfc > 1. (3.102) 



From our Hypothesis 13.161 the coefficients x^aij, hi and c are in C" (Ht \ H^r)- By Assumption 



21 we have that xjdij, bi and c are in CfQH^T \ H^wt)' Since the metrics s and p are 
equivalent on R x [i?*/4, 2], by Remark [2.11 there is a positive constant Ki, depending on K2 and 
R* , such that 

ll X rf a yllc7«(H T \H flV4 , T ) + H &i llc?(H T \H JlV4iT ) + ll C Hc-(H T \H fl , /4 , T ) ^ K l> 
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and so the conditions of Hypothesis 13.101 are obeyed on \ M R * j^ T . This is enough to ensure 
we may apply Proposition 13. 131 to u with / = Lu and g = u(0, •) on Qr* /8,t(' u; an d so there is 
a positive constant C2, depending at most on R*, K\, 6, v, giving 



\u U2+ 



< G 



2 {\\ Lu \\c?(Q R * /4 , T (wi)) + ll U ( '')Hc, 2 +"(Q« V4>T (^)) 



\C(Q R * /iiT (wi))l > 



V/ > 1. 



By ()3.10ip and Remark 12.11 we obtain 



\ u Uc 2 + a (Q R * /8 , T (wi)) 



< C 2 ^11^11^(3) + \\u(0, •)||^2+ Q (U T ) 



it follows 



V/ > 1, 



and, by inequality (|3.53|) applied to \\u\\c(Q R * /A>T ( w i))i 

W u \\c% +a (Q R * /8iT (w 1 )) - C2 (\\ Lu \\tf a (W) + IK ' ')\\v 2 +<*(E T )) > ^ l 



> 1. 



(3.103) 



Combining inequalities (|3.102p and (|3.103p and making use of the inclusions (|3.99p and (|3.100p , 
we obtain the global estimate (|3.98p . □ 

Next, we establish the a priori global estimates in the case of coefficients with at most linear 
growth. 

Lemma 3.18 (Global estimates for coefficients with linear growth). There exists a positive 
constant C = C{T,a,d,K,5,u) such that for any solution u G ^ a (Hr) to (jl.ip . such that 
Lu G % a (H T ) and n(0, •) G ^ +a (M), we have 



)■ 



(3.104) 



< C [\\Lu\[ 

where p = p(a) is the constant appearing in Proposition \3.14\ 

Proof. We shall apply a covering argument with the aid of Theorem 13.81 and Proposition 13.141 As 
in the proof of Lemma I3.17| we may assume without loss of generality that < T < R* , where 
R* > is defined as in Theorem 13.81 Let z k and w l be the sequences of points considered in 
the proof of Lemma 13.171 Then, by applying Theorem 13.81 to u with / = Lu and g = u(0, •) on 
Qn*,T{z k ), we obtain, for all k > 1, 



\U\\r,2+ 



C 2 + a {Q R ^ T (z k )) 



<C \\Lu 



C?(Q 3R * /2 , T (z k )) + ll U (°'")lk 2+a (B 3ii , /2 (^)) 
+ W U \\c{Q 3R * /2 , T (z*)) 



We notice that 



\Lu\ 



Cf (<W/a,T(* fc )) - Cl 



Ci 
Ci 



\ U \\c(Q 3R « /2!T (z k )) < °1 

= Ci 



{l + \x\fLu\\ c? 



(Q3R* /2,r( zh )) 



Lu\\c 



^(0»/2,T(^))' 

(i + \x\Tu(o,.)\y s+a{ z 3Rt/2(zk)) 
<°'-)W^ +a (B 3RV2 (^)r 

(1 + \x\) P u\\ c{ Q 3Rt/2T[zk)) 
U H^ (Q3fl*/2,T(^))' 
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where the positive constant C\ depends on R* and p, but not on z k . Therefore, we obtain, for 
all k > 1, 

H u llc s 2+Q (0fl., T (z fe )) - C<2 ()\ Lu \\v*(a T ) + IK°> ')W^ +a (a) + IMI%fO(H T )) ' 

for a positive constant C% depending at most on R*, K, 5, u, a, d. Because the collection of balls 
{Qr* ,T(z k ) : k > 1} covers Mr* / 2 ,T and as we may apply (13, 54ft to u with / = Lu and g = tt(0, •) 
with q = p, there is a positive constant C3, satisfying the same dependency on constants as C2, 
such that 

IMI^+«(H fl * /2 , T ) ^ °3 (\\ Lu W%«(W T ) + IK ' -)II^+«(H)) • ( 3 - 105 ) 

By applying Proposition 13.141 to u with / = Lu and g = u(0, •) on Qr* /s,t( w1 ) > we obtain, for 
all I > 1, 

H u llc P 2 +«(Qfi* /8jT ^0) " ° 4 (H Lu H^(Q«*/4.t(-0) + H ' OII^+<*(.B flV4 (W)) 

(3.10o) 

+ \\ u \W${Q R * /AiT {wi))) ■ 

Because the collection of balls {Qr* /8,t{ w1 ) '■ I > 1} covers Mt \M r * /2,t an d we may apply (|3.54p 
to u with / = Lu and g = it(0, ■) with q = p, we obtain 



1 1 1 1 -r 2 +« (H r \M^* /2)T ) - ^5 \ \\ Lu \\^{w T ) + H n ( ' ')ll<r p 2+0! (H) J • (3.107) 
By combining inequalities (|3.105p and (|3.1U7[) . we obtain the desired estimate (|3.1U4p . □ 
Next, we prove Theorem II .11 in the case of bounded coefficients. 

Proposition 3.19 (Existence and uniqueness for bounded coefficients). Suppose Hypothesis \3.16\ 

is satisfied. Let f £ < 1o 01 {Mt) °- n d g £ < ^ 2+a (Hf) . Then there exists a unique solution u £ c i^' 2+a (Mt) 
to (jl.ip and u satisfies estimate (13.980 . 

Proof. The proof employs the method used in proving existence of solutions to parabolic partial 
differential equations outlined in [H §10.2] or [3 Theorem II.l.l]. We let < ^ 2+Q (M T ) denote 
the Banach space of functions u £ c 6' 2+0 '(Mt) such that tt(0, x) = 0, for all x £ HI. The spaces 
C 2+a (W T ) and C 2+a ([0, T] x R d ) are defined similarly. Without loss of generality, we may assume 
g = because Lg £ ? a (Hr), when Hypothesis 13.161 holds, and so 

L : <tf 2+a {M T ) -> tf a (M T ) 

is a well-defined operator. Our goal is to show that L is invertible and we accomplish this by 
constructing a bounded linear operator M : ^"(Mt) — > < ta 2+Q (Mt) such that 



LM ^ a ( HT ) 



< 1. (3.108) 



For this purpose, we fix r > and choose a sequence of points {x n : n = 1, 2, . . .} such that the 
collection of balls {B r (x n ) : n = 1,2, . . .} covers the strip {x = (x',Xd) £ M : < x& < r/2}. 
We may assume without loss of generality, there exists a positive constant N, depending only 
on the dimension d, such that at most N balls of the covering have non-empty intersection. Let 
{ip n : n = 0, 1, . . .} be a partition of unity subordinate to the open cover 



(H\{0<x d <r/4})U Q B r {x n ) 



n=l 



SCHAUDER APPROACH TO DEGENERATE-PARABOLIC EQUATIONS 29 

such that 

supp^o C H \ {0 < Xd < r/4} and supp^ C B r (x n ), Vn > 1. 

Without loss of generality, we may choose {(p n }n>o such that there is a positive constant c, 
independent of r and n, such that 

||</>n|lc 2 + a fR<*) - cr ~ 3 > Vn - °- (3.109) 



We choose a sequence of non-negative, smooth cutoff functions, {ipn}n>o C C°°(M) such that 
< V'n < 1 on H, for all n > 0, and 



</>o(x) 

while for all n > 1, 



0, for < x d < r/8, 

1, for > r/4, 



1, for < x d < 1/2, 
0, for Xd > 1. 

Then, we notice that ipo satisfies (|3. 109j) . For r small enough, we have 

ipn^Pn = Vn, for all n > 0. (3.110) 

For n = 0, let Lo be a uniformly elliptic parabolic operator on M. d with bounded, C" (H^)-H61der 
continuous coefficients, such that Lq agrees with L on the support of V>o- Define the operator 

M : C°([0,T] x R d ) -> C 2+a ([0,T] x M d ), 

be the inverse of Lo) as given by |24) Theorem 8.9.2]. For n = 1, 2, . . ., let L n be the degenerate- 
parabolic operator obtained by freezing the variable coefficients aij(t,x), bi(t,x) and c(t, x) at 
(0, x n ). Define the operator 

M n : C s a (I T ) -> C s 2+a (H T ), 
be the inverse of L n , as given by Proposition IA.ll Define the operator 

M : tf a (W T ) -»• <*f 2+a (H T ) 

by setting 

oo 

Mf:=J2 fnMM, for / e tf a (W T ). 

71=0 

Our goal is to show that (13. 108)) holds, for small enough r and T. We have 

oo 
n=0 

oo oo 
= ^ VnLMnipnf + ^[L, ip n ]M n l/) n f - f, 
n=0 n=0 

where [L, tp n ] is given by (|3.64p . Denoting 

«„:=M n i/, for n = 0,1,2,..., (3.111) 

we have 

LM n ijj n f = (L - L n )u n + L n M n 1p n f 

= (L - L n )u n + VVi/, 
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since L n M n = I, for all n > 0. This implies, by the identities (|3.110p and X^^Lo Pntpnf = f ', that 

oo oo 

LMf -f = J2 ^ L - Ln ^ Un + Vn]u n - ( 3 - 112 ) 

n=0 n=0 

First, we estimate the terms in the preceding equality indexed by n = 0. Because Lq = L on the 
support of ipo, obviously we have tpo(L — Lq)uq = 0. Next, using the identity (|3.64p . there is a 
positive constant C, depending only on K2 in (13.97j) . such that 

|| [L, V? ] Uo\\ C £([0,T]xR d ) - C\\ u o\\cl +a ([0,T\xR d )\\' l l ; o\\c% +0 '{[0,T]xR d ) 

< Cr- 3 \\uo\\ c i+ a([0iT]xRd) (by (|cL109J)). 

From the interpolation inequalities for standard Holder spaces \24\ Theorem 8.8.1], there is a 
positive constant m such that, for all e > 0, we have 

\\[L, 920] u o|lc«([0,T]xK d ) - C r ~ 3 ( £ H u o|lci+ a ([0,T]xR d ) + ^""1^0 llc([0,T] xR d )) ■ (3.113) 
By [SI Theorem 8.9.2], the identity (|3.11Uj) . and the definition (I3.111|) of u , we have 

ll u o|lc^ +a ([0,T]xK< i ) - Cl( r )ll^o/|lc£([0,T]xR d ) 

< Ci(r)||/||ya(ii T ), 

for some positive constant C\{r). From [241 Corollary 8.1.5], there is a constant C, depending 
only on K2, T and d, such that 

ll n o|lc*([0,T]xR d ) - C r ll/|lc([0,T]xR d )- 

Therefore, we obtain in (|3.113p . for possibly a different constant C±(r), 

\\[L^o]u \\ cmT]xRd) < Ci(r) (e||/||^ (HT) +^ m T||/|| c(HT) ) . (3.114) 

Next, we estimate the terms in (|3.112p indexed by n > 1. We closely follow the argument used 
to prove Theorem 13.81 First, we have 

\\ip n (L - L n )u n || c?(HT) < [<Pn\c?(mT)\\(L ~ L n) u n\\c([0,T]X8uppip„) ^ 

+ II (L — L n )u n II c<*([0,T\x supp<p n ) ■ 
Using (|3.109p and Lemma |3.2| there are positive constants m and C\(r) such that 

[^n] C a(e T ) \\(L - in)^n||c([0,T]x SU ppvPn) < C l( r ) ( e ll n « llc* s 2+Q (H T ) + ll U ™ II C(H T )) - 

By Proposition IA.H (|3.53p and the preceding inequality, we obtain 

bn]c«(H T ) IK L ~~ L n) u n||c([0,T]xsu PPV p„) < ^M 7 *) ( e ll^n/llcj*(! T ) + £ ~ mT ll VVi/llc(H T )) ' 

and thus, 

[Pn\c?(B.T) ~ L «) n ™llc([o,T]x S up P¥3 „) < Ci(r) (e||/||y Q( e T) + £ _mr ll/llc(M T )) ■ (3.116) 

By applying the same argument used to prove Claim [379]. we find that there are positive constants 
C, independent of r, and Ci(r), such that 

\\(L — L n )u n \\ C a ([o,T]xsupp¥>„) < Cr a 2 ||'"n|lcc«(g T ) + Cl( r )ll' u n|| C '(e T )- 

By Proposition lA.il (|3.53p and the definition (|3.11ip of u n , it follows that 

|| (L - L n )u n \\c H[0 ,T\xsu P p<p n ) < CW 2 ||/||^ (Ht) + C^TWfWc^y (3.117) 
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With the aid of inequalities (|3.116p and (|3.117p , the estimate (|3.115[) becomes 

\\<p n (L - L n )u n \\ cnWT) < Cr Q / 2 ||/||^ (HT) + d(r) (e|| / ||^ (Ht) + ^ m T||/|| c(HT) ) . (3.118) 

Next, we estimate [L,(p n ]u n , for n > 1, by employing a method similar to that used to estimate 
the term [L,ipo]uQ. Using the identity (13.641) there is a positive constant C, depending only on 
K appearing in (12.130 and (|2.14p . such that 

II [L , fn] u n\\cf([0,T]xW) — ^ r W u n Hc s 1+a ([0,T] xH) (by (|3.109j)). 

From Lemma 13.21 there is a positive constant m such that, for all e E (0, 1), we have 

\\[L, Pn]u n \\c?([0,T]xn) < Cr 3 (e||Wn|lci+<*([o,T]xH) £ m |l u n|lc([0,T]xI 
According to Proposition IA.1I and (|3.53p . there is a constant C\{r) so that 

II [L, (fin] n n.|lc«([o,T]xH) < Ci(r) (e||/||»a(s T ) + £" m r||/|| c(HT) ) . (3.119) 

Combining inequalities (|3.114p . (|3.118p and (|3.119p . and using the fact that at most iV balls in 
the covering have non-empty intersection, the identity ()3.112|) yields 



\\LMf - /||^ +q(Ht) < Cr^ 2 \\f\\ Va(BT) + d(r) (e\\f\\ Va p T) + 



C(1 T ) 



where C is a positive constant independent of r, while C\{r) may depend on r. By choosing 
small enough r, then small enough e, and then small enough T, in that order, we find a positive 
constant Co < 1 such that 

||LM/ - /IU (St) < C ||/||^ (Ht) , V/ € <^(ET T ), 

and this gives (I3.1U8|) . □ 

Proof of Theorem \l.l[ Uniqueness of solutions follows from Proposition 13.71 

We notice that ^f°p T ) C ^ Q (H T ) and ^ p 2+a (M) C ^ 2+a (EI). Let L be any operator satisfying 
Hypothesis 13.161 Let {(p n }n>i be a sequence of non-negative, smooth cut-off functions such that 

< ipn < 1, V^nlsn = 1, and ¥>n|s§ n = 0. 

We define 

L n := (p n L + (1 - <p n )L, Vn > 1. 

Then, each L n satisfies Hypothesis 13.161 and, by Proposition 13.19] there exists a unique solution 
u n G < ^ 2+a (IHIr) to (jl.ip with L = L n . By Lemma [3.181 each solution u n satisfies the global 
estimate 



u 



nllsfs+ajBj,) < C (ll/ll^pT) + Us l|^ p 2 +« (H)) • (3.120) 

For any bounded subdomain U C HI and denoting Ut = (0,T) x U, the parabolic analogue, 
Cp +a (U T ) ^ C 2 (f7 T ) = C 1 ' 2 (C/t), of the compact embedding [Tj Theorem 1.31 (4)] of standard 
Holder spaces, C 2+a (U) C 2 (U), implies that the sequence {u n } n >i converges strongly in 
C 1,2 {Ut) to the limit u € C 1,2 (Ut), that is, u n — > u in C 1,2 {Ut)-, as n — > oo for every bounded 
subdomain £7 C EI. It is now easily seen that u solves (jl.ip . By the Arzela-Ascoli Theorem, we 
obtain that u £ ^ 2+a (EI T ) and satisfies (fL4"|) . □ 
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Appendix A. Existence and uniqueness of solutions for a degenerate-parabolic 

OPERATOR WITH CONSTANT COEFFICIENTS 

In order to derive the local a priori boundary estimates in Theorem 13.81 we need an analogue 
of (3J Theorem 1. 1.1] when the coefficients of our operator L, ay, b{ and c, are assumed constant. 
To emphasize this fact in this appendix, we denote our parabolic operator by 

d d 

-L u := -u t + ^2 x d aijU XiXj + ^ biU Xi + cu on (0, T) x H. (A.l) 

i,j=l i=l 

We now have the following analogue of [3l Theorem 1. 1.1]. 

Proposition A.l (Existence and uniqueness of solutions for a degenerate parabolic operator 
with constant coefficients). Let K, 5 and v be positive constants such that 

d 

J2 > %H 2 , Vr/GlR d , (A.2) 

b d > v, (A.3) 
\aij\,\bi\,\c\ < K, Vl<i,j<d. (A. 4) 

Let k be a nonnegative integer, T > 0, and a G (0,1). Assume that f G Cs' a (HT) and 
g G Cs' 2+Q (EI) with both f and g compactly supported in and H, respectively. Then, the 
inhomogeneous initial value problem 

on(0,T)xM, 

on HI. 1 ' ' 

admits a unique solution u G Cs ,2+0! (Mt). Moreover, there exists a positive constant C = 
C(T, K, 5, v, a, d, k) such that 

IHIc s fc ' 2+Q (H T ) - C (ll/Hc s fe ' Q (H T ) + IMIc s fc ' 2+Q (H)) • ^ A - 6 ) 

Proof. The proof follows by adapting the proof of [U Theorem 1. 1.1]. Because the proof of [U 
Theorem 1. 1.1] is lengthy, we only outline the modifications, noting that these modifications are 
straightforward. We remark that there is no simple change of variables that can be applied in 
order to bring the constant coefficients equation (|A.5P to the form of the model operator defined 
in [3l p. 901]. Another difficulty is that our interpolation inequalities (Lemma 13. 2\) do not allow 
us to treat the first order derivatives, u x ., in (jl.2p as lower order terms: in order to do that, we 
would need to have 

ll M ^llcf(H T ) - e ll' u llc 2+a (HT) + C £ HMIcCBr)' 




instead of the interpolation inequality (|3.8p . On the other hand, by simple changes of variables 
which we describe below and which preserve the domain H and its boundary dM, problem (|A.5|) 
can be simplified to 

d d 

-LqU = -U t + X d ^ + ^2 biUx * 011 ( ' T ) X H ' ( A-7 ) 

i=X i=l 

where the coefficient bd > remains unchanged. In addition, the possibly new constant coefficients 
hi are bounded in absolute value by constants which depend only on 5 in (IA.2P and K in (jA.4[l . 
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The simple changes of variables are as follows. As usual, we eliminate the zeroth order term 
cu by multiplying u by e ct and so we may assume without loss of generality that c = in (jA.ip . 
We define a function u on (0, T) x H by choosing y = (yi, . . . , y<j) and 

(yi, ...,y d ):= (x\ + . . . + a d _ix rf ,x d ), where a* := -— , 1 < i < d- 1, 

Odd 

and 

tt(t,y) := tt(i,x). 

Note that > 5, by choosing rj = (0,0,..., 1) in (|A.2|) . By direct calculations, we obtain 
(omitting the arguments of the functions u and u for brevity), 

u Xi = Uy i , Mi / d, 

Ux d = ak ^yk %d> 

fc^d 

k,l^d k^d 

from where it follows that, 

Lu = u t - y d a dd u ydyd - 2y d ^ (a dd aj + o irf ) 7%^ - y d ^ ( 

0'dd a i a j + a ij + a id a j) Uy i y d 

i^d ij+d 

- ^2 Qh + a-M u Vi - b d u yd . 

Since a.; = ai d /a dd for all i ^ d, we obtain 

add"i + Ojd = 0, Vi^d, 
a dd ctiaj + ciij + a id a.j = a,ij, ^ d, 

and so problem (\A.5\i is reduced to the study of the operator Lq on (0, T) x EI given by 
L u := u t - y d a dd u yd y d - y d ^ aijU yiyj - ^ (h + a;& rf ) - &d% d . 

Because the {d — 1) x (d — 1) matrix a := (ctjj)i j=i ...,d-i is positive-definite and symmetric, 
there is an orthogonal matrix P such that P*aP = D, where D := diag (Ai, . . . , X d -i) and A,, 
i = 1, . . . ,d — 1, are the (positive) eigenvalues of a. By setting 

Q ■= ( PD " /2 %) , where D -1 / 2 = diag (a^ 2 , . . . , A^f) , 



a dd 



we notice that 



where I d is the d x d identity matrix. Proceeding as in the [191 Proof of Lemma 6.1], we choose 
z := yQ and 

u(t,z):=u(t,y), V (t, y) £ (0, T) x H. 
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Then, direct calculations show that problem ()A.5P is reduced to the study of the operator Lq on 
(0, T) x H given by 

d d 

-L U := -U t + Zd ^ UziZi + ^2 , 

8=1 1=1 

where the constant coefficients b{ may differ from the coefficients 6j, for i ^ d, and the coefficient 
bd '■= \Ja-ddbd > 0. Therefore, for the remainder of this section, we may assume without loss of 
generality that Lq is of the simpler form (|A.7|) . 

The primary change required in the proof of O Theorem 1. 1.1] lies in [3j §1.4]. The arguments 
in the remainder of [31 Part I] adapt almost line by line to our model operator (|A.7|) . The goal 
in [3j §1.4] is to derive local derivative estimates and this is achieved by applying a comparison 
principle with barrier functions. First, we need to adapt the definition of the barrier function [3j 
Definition 1.4.1] to one which is suitable for use with (|A.7p . 

Definition A. 2. Let < t\ < t?,. We say (p is a barrier function for Lq when t G [ii, ^2]? if there 
are positive constants C and c such 

L ip > -Cx d tp 2 + cif 3/2 + c. (A.8) 

The barrier functions in [3J Theorem 1.4.5 & Theorem 1.4.8] are barrier functions in the sense 
of Definition IA.21 also. The barrier function constructed in [3j Theorem 1.4.6] needs modification 
because the coefficients 6j, i = 1, . . . ,d— 1, are non-zero in general, unlike in [31 Part I]. We have 
the following modification. 

Claim A. 3. Assume i 7^ d. For any 7 < 1 as in [3l Definition 1.4.2], there are a positive constant 
b depending only on |6j|, and a positive constant A, depending only on \bi\, b and 7 such that, for 
any to > 0, 

(1 + Xi - b{t - t )Y (1 - Xi - b(t - t )) 2 
is a valid barrier function satisfying (lA,8p . for all i 6 [to, to + At]. 

Proof of Claim DOl It suffices to consider separately the terms + (fi and ~cpi defined by 

± 1 
lfi - {l± Xl -b{t-to)) 2 ' 

because the barrier functions form a cone by O Theorem 1.4.4]. We prove that satisfies 
t|A.8|) . and the proof follows similarly for ~<fi. We denote for simplicity <p := + (pi- By direct 
calculation, we obtain 

ip t = 2bip 3 / 2 , 
PxiXi = 6(^ 2 , 

while ip Xj = and <p x -xk = 0' unless j = k = i. Then, we have 

L v = 2{b + bi)v 3/2 -6x d <p 2 . 

We impose 1 — b(t — to) > 7, for all t G [to, to + A], so we choose A < (1 — 7)/6. By choosing 
b = |6j| + 1, we can find C > and c > such that 

L ip > -x d C(p 2 + c<^ 3 / 2 + c, 
and so tp satisfies the requirement (|A.8|) , for all t £ [to, to + A]. □ 



SCHAUDER APPROACH TO DEGENERATE-PARABOLIC EQUATIONS 



35 



Next, the arguments in [3l §1.5] adapt to our framework with the following observation. Because 
our barrier functions (|A.9|) are not defined for all t G [0, 1], we cover first the interval [0, 1] by a 
finite number of intervals of length A, as given in Claim [A~T3l and we apply the maximum principle 
on each of the resulting subintervals. This will yield local estimates analogous to [3j Theorem 
1.5.1, 1.5.4 <fe Corollary 1.5.7], on the small time subintervals of the finite covering. By combining 
the local derivative estimates over each subinterval, we obtain the required local estimates for all 
*G[0,1]. □ 

Appendix B. Proofs of Lemma [3.111 and Proposition 13.121 
We begin with the 

The proof of Lemma \3.11\ The proof follows the argument used to prove [24 \ Lemmas 9.2.1 & 
8.9.1], only we are careful about the dependencies of the constants appearing in the estimates on 
5\ and K±, given by (I3.76P and (I3.77p . respectively. Let U be an orthogonal matrix such that 
A = Udi&g(\i)U T , where Aj G [«5i , are the eigenvalues of the symmetric, positive definite 
matrix, (a^). We denote B = Udi&g(^/\i)U* and v(t,x) = u(t,Bx), f(t,x) = f(t,Bx), and 
g(x) = g{Bx). Then, by defining w(t,x) := e -t v(t, a:), we see that w G C 2+a ([0,T] x W 1 ) solves 
the inhomogeneous heat equation, 

jw t - Aw + w = e*/ on(0,T]xM d , 
\w(0,-)=g onR d . 

By applying |24[ Theorem 9.2.1] to w, we obtain a constant Ni = N\(a,d) such that 
IMIc2+«([ ,T]xK<i) ^ ^1 (ll e< /llc-([0,T]xRd) + \\g\\ c p 



which gives us for v(t,x) = e t w(t,x) the estimate 

IMIc*2+ a ([0,T]xRd) ^ N l (ll/llc*£([0,T]xR d ) + ll^llc= +ai (K^)) ' ( B ' 1 ) 

where now N\ = N\(a, d, T). 

To obtain p782T) from (jBlj) . we need the following 

Claim B.l. There is a positive constant C = C(d), such that for any w\ G C^([0,T] x W 1 ) 

and any symmetric, positive- definite d x d-matrix, M, with eigenvalues in [A m i n ,A max ], where 
Amax > A min > 0, we have 

\\ w A\c^{[0,T\xM. d ) - C(l + ^mhi)\\ w 2\\c*([0,T]x1fi d )> ( B - 2 ) 

\\ w 2\\c«([0,T]xR d ) < C(l + ^max)ll u; l|lc'«([0,T]xR d )> ( B - 3 ) 
where W2(t,x) := w\(t,Mx). 

Proof of Claim \B.1[ We first prove (|B.2|) . Obviously, we have 

H^l|lc([0,T]xR d ) = II^Hcao.TlxRd)- ( B - 4 ) 

Next, it suffices to consider K^ 1 ) - wi(P 2 )\/p a (P,Q), for points P { = (t*,^) G [0,T] x R d , 
i = 1,2, where only one of the coordinates differs. Notice that when x 1 = x 2 , then 

IW^P 1 ) - W1 (P 2 )\ \w2jP 1 ) -W 2 {P 2 )\ 
P a (P\P 2 ) ~ P a (P\P 2 ) 
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because the transformation w 2 (t,x) := wi(t,Mx) acts only on the spatial variables. Therefore, 
we have 

WpTp2) ^ Mc ? ([0,T]xR d ), (B.5) 

Next, we consider the case t 1 = i 2 = i. Then, we have by writing wi(t,x) = W2(t,M x), 

\wtiP 1 ) - Wl {P 2 )\ _ \w 2 {t,M- l x 1 )-w 2 {t,M- 1 x 2 )\ 
p a (P 1 ,P 2 ) ~ \M(M~ 1 x 1 - M-ix 2 )!" 

Using the fact that M is a symmetric, positive-definite matrix with eigenvalues in the range 

[Amin) Amax], h follows 

\M(M~ 1 x 1 - M _1 x 2 )| > AminlM"^ 1 - Af _ V|, V^ 1 ,! 2 E R d , 
and so, by the preceding two inequalities, we have 

MP 1 ) - Wl (P 2 )\ 

^7pTp2) - A min^2jc«([0,T]xMd)- (B.o) 

Combining inequalities (|B.4[) . (|B.5j) and (|B.6|) . we obtain ()B.2D , 

To obtain (|B.3|) . we apply (|B.2p to w 2 in place of w\. Then, the matrix M is replaced by 
the symmetric, positive-definite matrix M _1 with eigenvalues in [A"}^, A~ m ]. Therefore, A~ m in 
()B.2p is replaced by A max , and thus, we obtain (lB~3j) . □ 

Notice that B is a symmetric, positive-definite matrix with eigenvalues in [s/Si, y/K\\- Since 
v(t, x) = u(t, Bx), we may apply (|B.2p with w± = u and ^2 = f and M = B to obtain 

H u llc«([0,T]xR d ) - C(! + ^1 a ^ 2 )ll' y llc7^([0,T]xM [i )- ( B -7) 

Because vt(t,x) = ut(t,Bx), we have as above 

IKIIc7£([0,T]xR d ) - C(l + ^1 a ^ 2 )ll t; t|lc^([0,T]xM [i )- ( B -8) 

To evaluate u^, we denote by Z? the i-th. row of the matrix B . Then, we have 

u Xi = VVv, 

and so, 

n n s x _1 /2|ir7 n 

\\ u Xi\\C([0,T]xR d ) ^ °l \\ vv \\C([0,T]xR d )- 

where we have use the fact that B~ l is a symmetric, positive-definite matrix and the eigenvalues 



of B 1 are in 



K~ l/2 5~ 1/2 



. Applying inequality IB. 21 to u Xi , we obtain as above 

u Xi\\c£{[0,T]xTSL d ) - C5 l ^ 2 (1 + 5 l a ^ 2 )\\Vx % \\ C «(lO,T]xR d )' ( B -9) 



and similarly, it follows for u XiXj 

\\ u x i x j \\c«(lO,T]xR d ) - $1 X (l + $1 a ^ 2 )\\ v x i x j \\c^([0,T}xM. d )- (B.10) 

Applying ()B.3[) for /(t, x) = f(t, Bx) with w\ = f and w 2 = f and M = B, we have 

C*"([0,T]xR d ) - (1 + ^^ 2 )ll/llc"([0,T]xR d )' ( B -ll) 
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Similarly, for g(x) = g(Bx), we obtain 

||<?Hc7?(R d ) - (1 + K l^ 2 )\\9\\c*{lO,T]xR d )i 
\\9xi\\c?(R d ) - K l /2 ( 1 + K l /2 )\\9x l \\c<?(R d )' ( B - 12 ) 



\9xixA\c"(M. d ) < + K l 2 )llfcx, ||c« 



By combining the inequalities (jBTj) . rfBTSl) . (jR9|, pUOj) . (lB~TT) and (lB~12|) in (|BTT]> . we obtain 
dM) . □ 

Next, we give the proof of Proposition 13.121 The estimate (I3.86D is obtained exactly as in the 
proof of [Ml Theorems 9.2.2 & 8.9.2] using Lemma I3.11| except that we again provide the details 
in order to obtain the precise dependencies of the coefficients. 

Proof of Proposition \3.12\ Due to the classical interpolation inequalities [241 Theorem 8.8.1] and 
the classical maximum principle for unbounded domains [24^ Corollary 8.1.5], it suffices to prove 
that the estimate (|3.86p holds with 

Mc£([0,T]xRd) and [^Jc«([0,T]xR d ) 

on the left hand side of the inequality. We will prove this for the Cp ([0, T] x M d )-seminorm of ut, 
but the same argument can be applied for the ([0,T] x M d )-seminorm of u XiXj . 

For simplicity of notation, we denote Q := (0,T) x M. d , and we omit the subscript p in the 
definition of the Holder spaces. We also use the simplified notation 

Mc 2 +«(Q) := [ut\ c <x(Q) + [uxiXj] Cc( (q) • (B.13) 

Let u E C 2+a {Q) be a solution to Problem Then, 

u ■= e~ Xlt u (B.14) 

is in C 2+a {Q) and it solves 

U-L-X l )u= -e~ Xlt f on(0,T)xM d , 
1 u(0,-) =g onK d , 

where Ai is the upper bound on the zeroth order coefficient, c, assumed in (|3.78|) . We may 
apply |24( Corollary 8.1.5], because the zeroth order term of the parabolic operator — L — Ai is 
nonpositive, and we obtain 

\\u\\ C (Q) < T ll e ~ Alt /llc(Q) + IMIC(Q) < T \\f\\c(Q) + \\g\\c(Q)- 
Thus, it follows by (|B~14]l 

\\u\\ CiQ) < e AlT (r||/|| c(0) + \\g\\ CiQ) ) . (B.15) 

Let zi, Zi G [0, T) x M. d be two points such that 

\u t {zi) - u t (z 2 )\ 1, 1 . 

Let 7 > be a constant which will be suitably chosen below. We consider two cases. 
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Case 1 (p(zi,Z2) > 7). Then, we have 

[u t ] c «(Q) < 27 -a Klc(Q) ) 
and, by [Ml Theorem 8.8.1, Inequality (8.8.1)], it follows, for all e > 0, 

Wco(Q) < 2 7" a (eMc2+"(Q) + Ce ~ a/2 \ u \c(Q)) ■ 
By choosing e := 7 a /8 and by inequality (|B.15p . we obtain 

[u t ] CHQ) < l[u} C 2 +a(Q) + C 7 - (a+a2/2) e AlT (T\\f\\ c{Q) + \\g\\ cm ) , (B.17) 
where the constant C = C(d,a). 

Case 2 (p(z\,Z2) < 7). We denote z = (t,x). Let ( : M. d+1 — > [0, 1] be a smooth cutoff function 
such that 

C(z) = 1, if p(z, Zl ) < 1, and ((z) = 0, if p(z, Zi)>2, 

and we define tp by 

p(z) := (((t - t!)/ 7 2 , (x - zi)/ 7 ) Vz G 

so that, 

p(z) = 1, if p(z,z\) < 7, and ip(z) = 0, if /o(^, z\) > 27, (B.18) 
It is straightforward to see that <p satisfies 

IMIc*+«CR«n-i) < C (l + 7" (2+a) ) , (B.19) 
where C is a positive constant. Since Z2 € {v? = 1}, we obtain by (|B.16|) 

Nc»(Q) < 2 -/ : \ < 2 [W)t]c«(Q)- ( B - 20 ) 

P \ z l 1 z 2) 

Let Lo denote the differential operator, with constant coefficients, of the type considered in 
Lemma 13.111 

d 

- L = -d t + ^2 a*j( z i) d xix r ( B - 21 ) 
Estimate ()3.82j) shows that there are constants p\ = pi(a) and C = C(d, a,T) such that 

[(^)llc«(Q) < C {} + 5 l Pl + K T) (\\Lo (wp)\\c°>(Q) + ll^llc 2 +"({0}xRrf)) • ( B - 22 ) 
By (jBT9|) . we obtain 

lls"^llc2+«({o}x» d ) <c(l + 7~( 2+Q ^ || 5 Hc2+« (»<*)■ (B.23) 

By writing Lo(uip) = L{up) + (Lq — L)(mp), we have 

d d 
Lq(u<p) = L(up) + ^2 (®ij( z ) - ®ij{zi)) (u^xiXj +y^ij(z)(uip) Xi + c(z)up>. (B.24) 

i,j=l i=l 

We may write 

d / d d 

L(up) = (pLu+ ^2 ^ij( z ) l Px J u Xl + ^2 aij{z)ip XiXj + ^2h(z)<p Xi +c(z) 

i,j=l \hj =1 i=l 
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and so, by (|B.19P and (|3.77p . we obtain there is a positive constant C = C(d) such that 
\\L(u<p)\\ Ca{Q) < c(l+ 7 - (2+Q) ) \\Lu\\ Ca{Q) 



+ CK X 1 + 7 



\ u xi\\c a (Q) + IMIc*«(Q) 



f -(2+a) 

Notice that we may write the difference as 

d 

L (u(p) - L(wp) = 22 (aij(z) - aij(zi)) ipu XiXj 

d / d 

i=i \j=i 

\i,j=l i=l 

By {3T7]), (|B~18ll and ()B~19]l . we obtain 

|| (aij(z) - Oij{zx)) ipu^^c^Q) < CK 1 'f[u XiXj ]c a (Q) + CK X (1 + -/~ {2+a) )\\u XiXj \\ c{ Qy 
From an argument similar to that used to obtain (|B.25p . we have 
\\L (wp) - L(uip)\\ Ca(Q) < CKYflvvix^onQ) 



(B.25) 



+ Ctfi(l + 7" (2+Q) )(ll^lb ((3) + 



\ u xi\\c a (Q) + IMIc^q) ) ■ 



Estimates (1R251) and (|B~26t give us, by ([R24j) . 

PoMllc«(Q) < C fl + 7" (2+a) ) \\Lu\\ Ca , Q) + CK 1 >f[u IBiX A Ca 



+ CJfi (l + 7 (2+Q) ) (iKizJc(Q) + IKJIc-(Q) + IMI<7«(<3)) • 



(B.26) 
(B.27) 



Combining the preceding inequality, estimates ()B.22|) and (|B.23p in (|B.20p . and using notation 
(|BTT3j) . it follows 



[«t] C a ( Q ) <C( k l + <5r P1 +^ 1 
+ ^i7 Q Mc 2 +-(Q) 
+ ^ 1 (l + 7" (2+Q) 

l+ 7 -(2+«) 



1 + 7 -(2+ Q )\|| Zu || 



u x i x j \\C(Q) + ll u a;illc Q (Q) + IMIc* Q (Q) 

9\\c 2 + a 



where C = C(d,a,T). The interpolation inequalities |24t Theorem 8.8.1] and the maximum 
principle [Ml Corollary 8.1.5], gives us, for any e > 0, 



k]c«(Q)<c(i+^ pi +^r 



e AlT (1 + K l£ - m ) (l + 7 "( 2+Q ) 
+ K x (>f + e f 1 + 7 "( 2+a 



C 2 +«(Q) 
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where m = m{a). We choose 7 E (0, 1) such that 
as for instance, 

l/a 



48C 

Then, we choose e > such that 



7 :=(^min{Er r 1 ,^f,^r (1+Pl) }) ° A 1. (B.28) 



(I + ^ + K P^ (l + 7 ~(2+«)^ Kl£ < 1. 



A suitable choice is 
Then, we obtain 



e := ^(1 + 7 2+a )min{/^ 1 , AV 1 ^ 1 ,i^r (1+Pl) } (B.29) 



New) < Jmc^cq) + ce AiT (1 + ^r pi + at) (1 + K l£ - m ) (1 + 7 - (2+a) 

C a (Q) + llffllc^ 1 



< -M C ^ {Q) + Ce x ^ T 1 + S[* + Af (1 + A l£ - m ) 1 + 7 "( 2+ «) 



(B.31) 



(B.30) 

By combining inequalities (1B.17|) and (|B.30h of the preceding two cases, we obtain the global 
estimate 

i' 

x (ll/llc«(Q) + Wallet 

We notice from (|B.28P and ()B.29P that we may find positive constants A3 = N^{d,a,T) and 
p = p{a) such that 

N C «(Q) < \[u] c z +H q) + A 3 e AlT (l + V + Af) (H/lb^Q) + \\g\\c2 +a 
The similar argument applied to [u Xi x j \c a {Q) yields 

[ux lXj ] ca(& < -Mc^(Q) + N 3 e x ' T (l + 6^ + Af) (\\f\\ Ca{Q) + ||<7|| C 2+c 



c jJC a (Q) - 4 1 
Therefore, ()B.13P gives us 

[u] C 2 +a(Q) < A 3 e AlT (l + 5- p + Af) (ll/H^Q) + || 5 |b 2+a{ 

which concludes the proof of the proposition by the interpolation inequalities \24\ Theorem 8.8.1] 
and the maximum principle estimate (|B.15p . □ 
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